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Preface
The National Council of Teachers of Mathematics is proud to be the organization that
launched the education standards movement. Growing out of its visionary Agenda for
Action in 1980, NCTM’s 1989 publication of Curriculum and Evaluation Standards for
School Mathematics presented a comprehensive vision for mathematics teaching, learning,
and assessment in kindergarten–grade 4, grades 5–8, and grades 9–12. In 2000, NCTM’s
Principles and Standards for School Mathematics expanded on the 1989 Standards and
added underlying Principles for school mathematics for four grade bands: pre-K–grade 2,
grades 3–5, grades 6–8, and grades 9–12. In 2006, Curriculum Focal Points for Prekindergarten through Grade 8 Mathematics: A Quest for Coherence extended this work
by identifying the most significant mathematical concepts and skills at each level from
prekindergarten through grade 8. NCTM addressed high school mathematics education in
2009 in Focus in High School Mathematics: Reasoning and Sense Making.
The next phase in the evolution of mathematics standards was the development of the
Common Core State Standards for Mathematics by the National Governors Association and
the Council of Chief State School Officers. The release of these standards in 2010, and their
adoption by forty-five states, has presented a historic opportunity for mathematics education
in the United States.
Over the past twenty-five years, we have learned that standards alone—no matter their
origins, authorship, or the process by which they are developed—will not realize the goal of
high levels of mathematical understanding by all students. More is needed than standards.
For that reason, NCTM has developed Principles to Actions: Ensuring Mathematical Success
for All, the next in its line of landmark publications guiding mathematics education into the
future. Principles to Actions describes the conditions, structures, and policies that must exist
for all students to learn. It addresses the essential elements of teaching and learning, access
and equity, curriculum, tools and technology, assessment, and professionalism. Finally, it
suggests specific actions that teachers and stakeholders need to take to realize our shared
goal of ensuring mathematical success for all.
Principles to Actions represents a significant step in articulating a unified vision of what
is needed to realize the potential of educating all students—under any standards or in any
educational setting. Most important, it describes the actions required to ensure that all
students learn to become mathematical thinkers and are prepared for any academic career or
professional path that they choose. Principles to Actions is for teachers, coaches, specialists,
principals, and other school leaders. It is for policymakers and leaders in districts and states,
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including commissioners, superintendents, and other central office administrators. Moreover,
it will give families guidance about what to look for and expect in the system educating
their children. Principles to Actions spells out the part that we all must play in supporting
the success of today’s students to ensure a bright future for the world around us.
Linda M. Gojak
President, 2012–2014
National Council of Teachers of Mathematics
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Progress and Challenge

I

n 1989, the National Council of Teachers of Mathematics (NCTM) launched the
standards-based education movement in North America with the release of Curriculum
and Evaluation Standards for School Mathematics, an unprecedented initiative to promote
systemic improvement in mathematics education. Now, twenty-five years later, the widespread adoption of college- and career-readiness standards, including adoption in the United
States of the Common Core State Standards for Mathematics (CCSSM) by forty-five of the
fifty states, provides an opportunity to reenergize and focus our commitment to significant
improvement in mathematics education. To realize the potential of these new standards, we
must examine the progress that has already been made, the challenges that remain, and the
actions needed to truly ensure mathematical success for all students.
Looking back at mathematics education and student achievement in mathematics, we find
much to celebrate. Owing in large measure to the leadership of NCTM, the gradual implementation of a growing body of research on teaching and learning mathematics, and the
dedicated efforts of nearly two million teachers of mathematics in North America, student
achievement is at historic highs:
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The percentage of fourth graders scoring “proficient” or above on the National
Assessment of Educational Progress (NAEP) rose from 13 percent in 1990 to
42 percent in 2013. (National Center for Education Statistics [NCES] 2013)

•

The percentage of eighth graders scoring “proficient” or above on the NAEP rose
from 15 percent in 1990 to 36 percent in 2013. (NCES 2013)

•

Average scores for fourth and eighth graders on these NAEP assessments rose 29
and 22 points, respectively, between 1990 and 2013. (NCES 2013)

•

Between 1990 and 2013, the mean SAT-Math score increased from 501 to 514, and
the mean ACT-Math score increased from 19.9 to 20.9. (College Board 2013a;
ACT 2013)

•

The number of students taking Advanced Placement Calculus examinations increased from 77,634 in 1982 to 387,297 in 2013, of whom about 50 percent scored 4
or 5. (College Board 2013b)

•

The number of students taking the Advanced Placement Statistics examination increased from 7,667 in 1997 to 169,508 in 2013, of whom over 33 percent scored 4 or
5. (College Board 2013b)
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These are impressive accomplishments. However, while we celebrate these record high
NAEP scores and increases in SAT and ACT achievement—despite a significantly larger and
more diverse range of test-takers—other recent data make it clear that we are far from where
we need to be and that much still remains to be accomplished:

•

Average mathematics NAEP scores for 17-year-olds have been essentially flat since
1973. (NCES 2009)

•

The difference in average NAEP mathematics scores between white and black and
white and Hispanic 9- and 13-year-olds has narrowed somewhat between 1973 and
2012 but remains between 17 and 28 points. (NCES 2013)

•

Only about 44 percent of U.S. high school graduates in 2013 were considered ready
for college work in mathematics, as measured by ACT and SAT scores. (ACT 2013;
College Board 2013c)

•

Among cohorts of 15-year-olds from the 34 countries participating in the
2012 Programme for International Student Assessment (PISA), which measures
students’ capacity to formulate, employ, and interpret mathematics in a variety of
real-world contexts, the Canadian cohort ranked 13th in mathematics, placing it quite
high among non–East Asian countries, whereas the U.S. cohort ranked 26th.
(Organisation for Economic Co-operation and Development [OECD] 2013a)

•

Although many countries’ mean scores on the PISA assessments increased from
2003 to 2012, the United States’ and Canada’s mean scores declined. (OECD 2013a)

•

U.S. students performed relatively well on PISA items that required only lowerlevel skills—reading and simple handling of data directly from tables and diagrams,
handling easily manageable formulas—but they struggled with tasks involving creating, using, and interpreting models of real-world situations and using mathematical
reasoning. (OECD 2013b)

•

On the PISA tests, only 8.8 percent of students in the United States reached the
top two mathematics levels, compared with 12.6 percent of the students across all
34 participating countries, including 16.4 percent of students in Canada and more
than 30 percent of students in Hong Kong–China, Korea, Singapore, and Chinese
Taipei. (OECD, 2013a)

•

Only 16 percent of U.S. high school seniors are proficient in mathematics and
interested in a STEM career. (U.S. Department of Education 2014).

These more disturbing data point to the persistent challenges and the work that we still need
to do to make mathematics achievement a reality for all students:

•
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Eliminate persistent racial, ethnic, and income achievement gaps so that all students
have opportunities and supports to achieve high levels of mathematics learning
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•

Increase the level of mathematics learning of all students, so that they are college
and career ready when they graduate from high school

•

Increase the number of high school graduates, especially those from traditionally
underrepresented groups, who are interested in, and prepared for, STEM careers

In short, we must move from “pockets of excellence” to “systemic excellence” by providing
mathematics education that supports the learning of all students at the highest possible level.
To achieve this goal, we must change a range of troubling and unproductive realities that
exist in too many classrooms, schools, and districts. Principles to Actions discusses and
documents these realities:

•

Too much focus is on learning procedures without any connection to meaning,
understanding, or the applications that require these procedures.

•

Too many students are limited by the lower expectations and narrower curricula of
remedial tracks from which few ever emerge.

•

Too many teachers have limited access to the instructional materials, tools, and
technology that they need.

•

Too much weight is placed on results from assessments—particularly large-scale,
high-stakes assessments—that emphasize skills and fact recall and fail to give
sufficient attention to problem solving and reasoning.

•

Too many teachers of mathematics remain professionally isolated, without the benefits of collaborative structures and coaching, and with inadequate opportunities for
professional development related to mathematics teaching and learning.

As a result, too few students—especially those from traditionally underrepresented groups—
are attaining high levels of mathematics learning.
Thus, this is no time to rest on laurels. Even a casual review of entry-level workplace expectations and the daily responsibilities of household management and citizenship suggest that
such core mathematical ideas as proportion, rate of change, equality, dimension, random
sample, and correlation must be understood by nearly all adults—a target far from the
current reality.
What is different and promising today, however, is the hope that the implementation of
CCSSM, and the new generation of aligned and rigorous assessments, will help to address
the continuing challenges and expand the progress already made. The need for coherent
standards that promote college and career readiness has been endorsed across all states
and provinces, whether or not they have adopted CCSSM. As NCTM (2013) has publicly
declared,
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The widespread adoption of the Common Core State Standards for Mathematics presents
an unprecedented opportunity for systemic improvement in mathematics education in the
United States. The Common Core State Standards offer a foundation for the development of
more rigorous, focused, and coherent mathematics curricula, instruction, and assessments
that promote conceptual understanding and reasoning as well as skill fluency. This foundation will help to ensure that all students are ready for college and the workplace when they
graduate from high school and that they are prepared to take their place as productive, full
participants in society.

CCSSM provides guidance and direction, and helps focus and clarify common outcomes.
It motivates the development of new instructional resources and assessments. But CCSSM
does not tell teachers, coaches, administrators, parents, or policymakers what to do at the
classroom, school, or district level or how to begin making essential changes to implement
these standards. Moreover, it does not describe or prescribe the essential conditions required
to ensure mathematical success for all students. Thus, the primary purpose of Principles
to Actions is to fill this gap between the development and adoption of CCSSM and other
standards and the enactment of practices, policies, programs, and actions required for their
widespread and successful implementation. Its overarching message is that effective teaching
is the nonnegotiable core that ensures that all students learn mathematics at high levels and
that such teaching requires a range of actions at the state or provincial, district, school, and
classroom levels.
In Principles to Actions, NCTM sets forth a set of strongly recommended, research-informed
actions for all teachers, coaches, and specialists in mathematics; all school and district
administrators; and all educational leaders and policymakers. These recommendations are
based on the Council’s core principles. In Principles and Standards for School Mathematics,
NCTM (2000) first defined a set of Principles that “describe features of high-quality mathematics education” (p. 11). The list on the following page presents updated Principles that
constitute the foundation of Principles to Actions.
The revisions to this updated set of Principles reflect more than a decade of experience and
new research evidence about excellent mathematics programs, as well as significant obstacles and unproductive beliefs that continue to compromise progress. In succeeding sections,
these six Principles are defined, examined for unproductive and productive beliefs, linked
to effective practices, and illuminated with examples. The final section proposes specific
actions for productive practices and policies that are essential for widespread implementation
of pre-K–12 mathematics programs with the power to ensure mathematical success for all
students at last.
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Guiding Principles for School Mathematics
Teaching and Learning. An excellent mathematics program requires effective teaching
that engages students in meaningful learning through individual and collaborative
experiences that promote their ability to make sense of mathematical ideas and reason
mathematically.

Access and Equity. An excellent mathematics program requires that all students have
access to a high-quality mathematics curriculum, effective teaching and learning, high
expectations, and the support and resources needed to maximize their learning potential.

Curriculum. An excellent mathematics program includes a curriculum that develops
important mathematics along coherent learning progressions and develops connections
among areas of mathematical study and between mathematics and the real world.

Tools and Technology. An excellent mathematics program integrates the use of
mathematical tools and technology as essential resources to help students learn and make
sense of mathematical ideas, reason mathematically, and communicate their mathematical
thinking.
Assessment. An excellent mathematics program ensures that assessment is an integral
part of instruction, provides evidence of proficiency with important mathematics content
and practices, includes a variety of strategies and data sources, and informs feedback to
students, instructional decisions, and program improvement.

Professionalism. In an excellent mathematics program, educators hold themselves and
their colleagues accountable for the mathematical success of every student and for their
personal and collective professional growth toward effective teaching and learning of
mathematics.

•••5
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An excellent mathematics program requires effective teaching that engages students
in meaningful learning through individual and collaborative experiences that promote
their ability to make sense of mathematical ideas and reason mathematically.

T

he teaching of mathematics is complex. It requires teachers to have a deep understanding of the mathematical knowledge that they are expected to teach (Ball,
Thames, and Phelps 2008) and a clear view of how student learning of that mathematics develops and progresses across grades (Daro, Mosher, and Corcoran 2011; Sztajn et al.
2012). It also requires teachers to be skilled at teaching in ways that are effective in developing mathematics learning for all students. This section presents, describes, and illustrates
a set of eight research-informed teaching practices that support the mathematics learning of
all students. Before turning to these teaching practices, however, we must be clear about the
mathematics learning such teaching must inspire and develop and the inextricable connection
between teaching and learning.
The learning of mathematics has been defined to include the development of five interrelated
strands that, together, constitute mathematical proficiency (National Research Council 2001):
1.

Conceptual understanding

2. Procedural fluency
3. Strategic competence
4. Adaptive reasoning
5.

Productive disposition

Conceptual understanding (i.e., the comprehension and connection of concepts, operations,
and relations) establishes the foundation, and is necessary, for developing procedural fluency
(i.e., the meaningful and flexible use of procedures to solve problems).
Strategic competence (i.e., the ability to formulate, represent, and solve mathematical problems) and adaptive reasoning (i.e., the capacity to think logically and to justify one’s thinking)
reflect the need for students to develop mathematical ways of thinking as a basis for solving
mathematics problems that they may encounter in real life, as well as within mathematics and
other disciplines. These ways of thinking are variously described as “processes” (in NCTM’s
[2000] Process Standards), “reasoning habits” (NCTM 2009), or “mathematical practices”
(National Governors Association Center for Best Practices and Council of Chief State School
Officers [NGA Center and CCSSO] 2010). In this publication, in alignment with the Common
#"$,
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Core State Standards for Mathematics (CCSSM), we refer to them as “mathematical practices,”
which represent what students are doing as they learn mathematics (see fig. 1).
1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively.
3. Construct viable arguments and critique the reasoning of
others.
4. Model with mathematics.
5. Use appropriate tools strategically.
6. Attend to precision.
7. Look for and make use of structure.
8. Look for and express regularity in repeated reasoning.

Fig. 1. Standards for Mathematical Practice (NGO Center and CCSSO 2010, pp. 6–8)

The fifth strand identified on the preceding page, productive disposition, is “the tendency to
see sense in mathematics, to perceive it as both useful and worthwhile, to believe that steady
effort in learning mathematics pays off, and to see oneself as an effective learner and doer of
mathematics” (National Research Council 2001, p. 131). Students need to recognize the value
of studying mathematics and believe that they are capable of learning mathematics through
resolve and effort (Schunk and Richardson 2011). This conviction increases students’ motivation and willingness to persevere in solving challenging problems in the short term and continuing their study of mathematics in the long term. Interest and curiosity evoked throughout
the study of mathematics can spark a lifetime of positive attitudes toward the subject.
Student learning of mathematics “depends fundamentally on what happens inside the classroom as teachers and learners interact over the curriculum” (Ball and Forzani 2011, p. 17).
Ball and other researchers (e.g., Ball et al. 2009; Grossman, Hammerness, and McDonald
2009; Lampert 2010; McDonald, Kazemi, and Kavanagh 2013) argue that the profession of
teaching needs to identify and work together toward the implementation of a common set of
high-leverage practices that underlie effective teaching. By “high-leverage practices,” they
mean “those practices at the heart of the work of teaching that are most likely to affect
student learning” (Ball and Forzani 2010, p. 45).
Although effective teaching of mathematics may have similarities with productive teaching
in other disciplines (Duit and Treagust 2003; Hlas and Hlas 2012), each discipline requires
focused attention on those teaching practices that are most effective in supporting student
learning specific to the discipline (Hill et al. 2008; Hill, Rowan, and Ball 2005). Research
from both cognitive science (Mayer 2002; Bransford, Brown, and Cocking 2000; National
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Research Council 2012a) and mathematics education (Donovan and Bransford 2005;
Lester 2007) supports the characterization of mathematics learning as an active process, in
which each student builds his or her own mathematical knowledge from personal experiences,
coupled with feedback from peers, teachers and other adults, and themselves. This research
has identified a number of principles of learning that provide the foundation for effective
mathematics teaching. Specifically, learners should have experiences that enable them to—

•

engage with challenging tasks that involve active meaning making and support
meaningful learning;

•

connect new learning with prior knowledge and informal reasoning and, in the process, address preconceptions and misconceptions;

•

acquire conceptual knowledge as well as procedural knowledge, so that they can
meaningfully organize their knowledge, acquire new knowledge, and transfer and
apply knowledge to new situations;

•

construct knowledge socially, through discourse, activity, and interaction related to
meaningful problems;

•

receive descriptive and timely feedback so that they can reflect on and revise their
work, thinking, and understandings; and

•

develop metacognitive awareness of themselves as learners, thinkers, and problem
solvers, and learn to monitor their learning and performance.

Mathematics Teaching Practices
Eight Mathematics Teaching Practices provide a framework for strengthening the teaching
and learning of mathematics. This research-informed framework of teaching and learning
reflects the learning principles listed above, as well as other knowledge of mathematics
teaching that has accumulated over the last two decades. The list on the following page identifies these eight Mathematics Teaching Practices, which represent a core set of high-leverage
practices and essential teaching skills necessary to promote deep learning of mathematics.

Obstacles
Dominant cultural beliefs about the teaching and learning of mathematics continue to be obstacles to consistent implementation of effective teaching and learning in mathematics classrooms (Handal 2003; Philipp 2007). Many parents and educators believe that students should
be taught as they were taught, through memorizing facts, formulas, and procedures and then
practicing skills over and over again (e.g., Sam and Ernest 2000). This view perpetuates the
traditional lesson paradigm that features review, demonstration, and practice and is still pervasive in many classrooms (Banilower et al. 2006; Weiss and Pasley 2004). Teachers, as well

•••9
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Mathematics Teaching Practices
Establish mathematics goals to focus learning. Effective teaching of mathematics
establishes clear goals for the mathematics that students are learning, situates goals within
learning progressions, and uses the goals to guide instructional decisions.

Implement tasks that promote reasoning and problem solving. Effective teaching
of mathematics engages students in solving and discussing tasks that promote mathematical
reasoning and problem solving and allow multiple entry points and varied solution
strategies.
Use and connect mathematical representations. Effective teaching of mathematics
engages students in making connections among mathematical representations to deepen
understanding of mathematics concepts and procedures and as tools for problem solving.

Facilitate meaningful mathematical discourse. Effective teaching of mathematics
facilitates discourse among students to build shared understanding of mathematical ideas
by analyzing and comparing student approaches and arguments.
Pose purposeful questions. Effective teaching of mathematics uses purposeful
questions to assess and advance students’ reasoning and sense making about important
mathematical ideas and relationships.
Build procedural fluency from conceptual understanding. Effective teaching of
mathematics builds fluency with procedures on a foundation of conceptual understanding
so that students, over time, become skillful in using procedures flexibly as they solve
contextual and mathematical problems.
Support productive struggle in learning mathematics. Effective teaching of
mathematics consistently provides students, individually and collectively, with
opportunities and supports to engage in productive struggle as they grapple with
mathematical ideas and relationships.

Elicit and use evidence of student thinking. Effective teaching of mathematics uses
evidence of student thinking to assess progress toward mathematical understanding and
to adjust instruction continually in ways that support and extend learning.

as parents, are often not convinced that straying from these established beliefs and practices
will be more effective for student learning (Barkatsas and Malone 2005; Wilken 2008).
In sharp contrast to this view is the belief that mathematics lessons should be centered on
engaging students in solving and discussing tasks that promote reasoning and problem solving
(NCTM 2009; National Research Council 2012a). Teachers who hold this belief plan lessons
to prompt student interactions and discourse, with the goal of helping students make sense of
mathematical concepts and procedures. However, the lack of agreement about what constitutes
effective mathematics teaching constrains schools and school systems from establishing coherent expectations for high-quality, productive teaching of mathematics (Ball and Forzani 2011).
Teachers’ beliefs influence the decisions that they make about the manner in which they
teach mathematics, as indicated in the table at the right. Students’ beliefs influence their
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Beliefs about teaching and learning mathematics
Unproductive beliefs

Productive beliefs

Mathematics learning should focus on
practicing procedures and memorizing
basic number combinations.

Mathematics learning should focus on
developing understanding of concepts
and procedures through problem solving,
reasoning, and discourse.

Students need only to learn and use the
same standard computational algorithms
and the same prescribed methods to
solve algebraic problems.

All students need to have a range of
strategies and approaches from which to
choose in solving problems, including,
but not limited to, general methods, standard algorithms, and procedures.

Students can learn to apply mathematics
only after they have mastered the basic
skills.

Students can learn mathematics through
exploring and solving contextual and
mathematical problems.

The role of the teacher is to tell students
exactly what definitions, formulas, and
rules they should know and demonstrate
how to use this information to solve
mathematics problems.

The role of the teacher is to engage
students in tasks that promote reasoning and problem solving and facilitate
discourse that moves students toward
shared understanding of mathematics.

The role of the student is to memorize
information that is presented and then
use it to solve routine problems on homework, quizzes, and tests.

The role of the student is to be actively
involved in making sense of mathematics tasks by using varied strategies and
representations, justifying solutions,
making connections to prior knowledge
or familiar contexts and experiences, and
considering the reasoning of others.

An effective teacher makes the mathematics easy for students by guiding them
step by step through problem solving
to ensure that they are not frustrated or
confused.

An effective teacher provides students
with appropriate challenge, encourages
perseverance in solving problems, and
supports productive struggle in learning
mathematics.

perception of what it means to learn mathematics and their dispositions toward the subject.
As the table summarizes, the impact of these beliefs on the teaching and learning of mathematics may be unproductive or productive. It is important to note that these beliefs should
not be viewed as good or bad. Instead, beliefs should be understood as unproductive when
they hinder the implementation of effective instructional practice or limit student access to
important mathematics content and practices.

Overcoming the obstacles
Teaching mathematics requires specialized expertise and professional knowledge that includes not only knowing mathematics but knowing it in ways that make it useful for the work
of teaching (Ball and Forzani 2010; Ball, Thames, and Phelps 2008). Mathematics teaching
• • • 11
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demands subject-specific understanding and insight so that teachers can skillfully carry out
their work in mathematics classrooms. Some of the work of mathematics teaching includes
finding an example or task to make a specific mathematical point, linking mathematical
representations to underlying ideas and other representations, and evaluating students’ mathematical reasoning and explanations. This work also requires teachers to be able to unpack
mathematical topics that they know well and to reexamine these through the eyes of learners,
as well as to be able to work with many learners simultaneously in classrooms, each with
unique backgrounds, interests, and learning needs.
The following discussion and illustrations of the eight Mathematics Teaching Practices
support the incorporation of the productive beliefs identified above into the daily professional
work of effective teachers of mathematics. This framework offers educators within schools
and across districts a common lens for collectively moving toward improved instructional
practice and for supporting one another in becoming skilled at teaching in ways that matter
for ensuring successful mathematics learning for all students.

Establish Mathematics Goals
to Focus Learning
Effective teaching of mathematics establishes clear goals for the mathematics that
students are learning, situates goals within learning progressions, and uses the goals
to guide instructional decisions.

Effective mathematics teaching begins with a shared understanding among teachers of the
mathematics that students are learning and how this mathematics develops along learning
progressions. This shared understanding includes clarifying the broader mathematical goals
that guide planning on a unit-by-unit basis, as well as the more targeted mathematics goals
that guide instructional decisions on a lesson-by-lesson basis. The establishment of clear
goals not only guides teachers’ decision making during a lesson but also focuses students’
attention on monitoring their own progress toward the intended learning outcomes.

Discussion
Mathematics goals indicate what mathematics students are to learn and understand as a result
of instruction (Wiliam 2011). In fact, “formulating clear, explicit learning goals sets the stage
for everything else” (Hiebert et al. 2007, p. 57). Goals should describe what mathematical
concepts, ideas, or methods students will understand more deeply as a result of instruction
and identify the mathematical practices that students are learning to use more proficiently.
Teachers need to be clear about how the learning goals relate to and build toward rigorous
standards, such as the Common Core State Standards for Mathematics. The goals that guide
instruction, however, should not be just a reiteration of a standard statement or cluster but
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should be more specifically linked to the current classroom curriculum and student learning
needs, referring, for example, to particular visual representations or mathematical concepts
and methods that students will come to understand as a result of instruction.
Learning goals situated within mathematics learning progressions (Daro, Mosher, and
Corcoran 2011) and connected to the “big ideas” of mathematics (Charles 2005) provide a
stronger basis for teachers’ instructional decisions. Learning progressions or trajectories
describe how students make transitions from their prior knowledge to more sophisticated
understandings. The progressions also identify intermediate understandings and link research on student learning to instruction (Clements and Sarama 2004; Sztajn et al. 2012).
Both teachers and students need to be able to answer crucial questions:

•
•
•
•

What mathematics is being learned?
Why is it important?
How does it relate to what has already been learned?
Where are these mathematical ideas going?

Situating learning goals within the mathematical landscape supports opportunities to build
explicit connections so that students see how ideas build on and relate to one another and
come to view mathematics as a coherent and connected discipline (Fosnot and Jacob 2010;
Ma 2010).
The mathematical purpose of a lesson should not be a mystery to students. Classrooms in
which students understand the learning expectations for their work perform at higher levels
than classrooms where the expectations are unclear (Haystead and Marzano 2009; Hattie
2009). Although daily goals need not be posted, it is important that students understand
the mathematical purpose of a lesson and how the activities contribute to and support their
mathematics learning. Goals or essential questions motivate learning when students perceive
the goals as challenging but attainable (Marzano 2003; McTighe and Wiggins 2013). Teachers
can discuss student-friendly versions of the mathematics goals as appropriate during the lesson so that students see value in and understand the purpose of their work (Black and Wiliam
1998a; Marzano 2009). When teachers refer to the goals during instruction, students become
more focused and better able to perform self-assessment and monitor their own learning
(Clarke, Timperley, and Hattie 2004; Zimmerman 2001).
A clear grasp of the mathematics frames the decisions that teachers make as they plan
mathematics lessons, make adjustments during instruction, and reflect after instruction
on the progress that students are making toward the goals. In particular, by establishing
specific goals and considering how they connect with the broader mathematical landscape,
teachers are better prepared to use the goals to make decisions during instruction (Hiebert
et al. 2007). This includes facilitating meaningful discourse, ensuring connections among
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mathematical ideas, supporting students as they struggle, and determining what counts as
evidence of students’ learning (Seidle, Rimmele, and Prenzel, 2005). The practice of establishing clear goals that indicate what mathematics students are learning provides the starting
point and foundation for intentional and effective teaching.

Illustration
Establishing clear goals begins with clarifying and understanding the mathematical expectations for student learning. Figure 2 presents an excerpt from a session in which two teachers,
Ms. Burke and Mr. Miller, together with their math coach, engage in a collaborative planning
session to discuss and clarify the mathematics learning goals for their second-grade students.
Notice how the teachers begin by describing what the students will be doing in the lesson,
rather than what they will be learning. Of course, teachers need to attend to the logistics of
a lesson, but they must also give sufficient attention to establishing a detailed understanding of the mathematics learning goals. Consider how the math coach intentionally shifts the
conversation to a discussion of the mathematical ideas and learning that will be the focus of
instruction.
Two classes of second-grade students are currently working on understanding and solving
addition and subtraction problems set in real-world situations. The following conversation
develops among two teachers and their math coach in a planning session. The teachers
have selected three story problems to give meaning to subtraction and serve as a focus
for one of the lessons:
•

Morgan wants to buy the next book in her favorite series when it is released next
month. So far, she has saved $15. The book will cost $22. How much more money
does Morgan need to save so that she can buy the book? (Problem type: Add to/
Change Unknown)

•

George and his dad are in charge of blowing up balloons for the party. The package had 36 balloons in it. After blowing up many balloons, George’s dad noticed
that the package still contained 9 balloons. How many balloons had they blown up?
(Problem type: Take from/Change Unknown)

•

Lou and Natalie are preparing to run a marathon. Lou ran 43 training miles this
week. Natalie ran 27 miles. How much farther did Lou run than Natalie? (Problem
type: Compare/Difference Unknown)

Ms. Burke:

I think we should have the students work together in small groups to
solve the word problems.

Mr. Miller:

I agree, and they could take turns reading the problems, and then
everyone could draw diagrams or use cubes to solve them, and then
they could compare their answers.

Fig. 2. Collaborative planning session focused on clarifying mathematics goals for a
lesson on problem situations for subtraction
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Math Coach:

OK, that’s what you want the students to do. So now let’s talk more
about what is it that you want your students to learn as a result of
this lesson.

Ms. Burke:

We want them to better understand these different types of word
problems and be able to solve them.

Math Coach:

OK. So, let’s list some of the indicators that would show they
understand.

Mr. Miller:

They would be able to use cubes or draw diagrams to show what is
happening in the problem, explain what they did and why, and be
able to get the right answer.

Ms. Burke:

I also want them to write an equation that models each situation.
Some of the equations might be 15 + ☐ = 22, 36 = ☐ + 9 or
36 – ☐ = 9, and 43 – 27 = ☐ or 43 = 27 + ☐.

Mr. Miller:

Then if we have time in this lesson, or maybe the next day, we want
the students to compare the different problems and equations and
be able to explain how these relate to addition and subtraction,
even though the contexts seem so different.

Math Coach:

Can you say a little more about why you picked these three
problems for this lesson?

Mr. Miller:

Each word problem is about a different situation that gives meaning
to subtraction. One problem is about finding an unknown addend,
one is about subtraction as taking away, and the other is about finding the difference when comparing two amounts.

Ms. Burke:

We are hoping that the students get better at thinking about the
relationships among the quantities in each context and how this relates to addition and subtraction. And they need to be able to work
with these harder problem types and not just the easy take-away
word problems [i.e., Take from/Result Unknown].

Math Coach:

Let me see if I can summarize this for us. Your learning goals for
these lessons are for the students to represent and solve word
problems by using diagrams or objects and equations, compare
how the problem situations are similar and different, and explain
how the underlying structure in each problem relates to addition
and subtraction.

Ms. Burke:

Yes, and in their explanations, I want to hear them talk about what
each number means in the problem, so in this lesson they know the
total amount and one of the parts or addends, and they need to find
the other unknown addend.

Note: Classification of problem types is based on CCSSM Glossary, Table 1 (NGA Center and CCSSO 2010, p. 88).

Fig. 2. Continued

As a result of the planning conversation, the teachers have a more precise understanding
of the addition and subtraction concepts that they hope will surface during the lesson. For
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example, they expect their students to connect math drawings and equations and compare the
mathematical structures of the various types of problem situations. At the beginning of the
lesson, they discuss with students the goal and importance of understanding different kinds
of word problems by using math drawings and writing equations. During instruction, the
teachers are attentive to ensuring that students are not just finding the answers to the word
problems but are able to explain how each problem relates to addition and subtraction and
how that relationship is reflected in their drawings and equations. This in turn will compel
students to focus on the how these problem situations relate to addition and subtraction and
why that is an important aspect in their learning of mathematics.

Teacher and student actions
Effective teaching requires a clear understanding of what students need to accomplish mathematically. Clear learning goals focus the work of teaching and student learning. Teachers need
to establish clear and detailed goals that indicate what mathematics students are learning, and
they need to use these goals to guide decision making during instruction. Students also need
to understand the mathematical purpose of a lesson. Teachers should help students understand how specific activities contribute to and support the students’ learning of mathematics
as appropriate during instruction. Students can then gauge and monitor their own learning
progress. The actions listed in the table below provide guidance on what teachers and students
do in establishing and using goals to focus learning in the mathematics classroom.

Establish mathematics goals to focus learning
Teacher and student actions
What are teachers doing?

What are students doing?

Establishing clear goals that articulate
the mathematics that students are learning as a result of instruction in a lesson,
over a series of lessons, or throughout a
unit.

Engaging in discussions of the mathematical
purpose and goals related to their current work
in the mathematics classroom (e.g., What are
we learning? Why are we learning it?)

Identifying how the goals fit within a
mathematics learning progression.
Discussing and referring to the mathematical purpose and goal of a lesson
during instruction to ensure that students understand how the current work
contributes to their learning.
Using the mathematics goals to guide
lesson planning and reflection and to
make in-the-moment decisions during
instruction.
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Using the learning goals to stay focused on
their progress in improving their understanding of mathematics content and proficiency in
using mathematical practices.
Connecting their current work with the mathematics that they studied previously and seeing
where the mathematics is going.
Assessing and monitoring their own understanding and progress toward the mathematics
learning goals.
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Implement Tasks That Promote Reasoning
and Problem Solving
Effective teaching of mathematics engages students in solving and discussing tasks
that promote mathematical reasoning and problem solving and allow multiple entry
points and varied solution strategies.

Effective mathematics teaching uses tasks as one way to motivate student learning and help
students build new mathematical knowledge through problems solving. Research on the use
of mathematical tasks over the last two decades has yielded three major findings:
1.

Not all tasks provide the same opportunities for student thinking and learning.
(Hiebert et al. 1997; Stein et al. 2009)

2. Student learning is greatest in classrooms where the tasks consistently encourage
high-level student thinking and reasoning and least in classrooms where the tasks
are routinely procedural in nature. (Boaler and Staples 2008; Hiebert and Wearne
1993; Stein and Lane 1996)
3. Tasks with high cognitive demands are the most difficult to implement well and are
often transformed into less demanding tasks during instruction. (Stein, Grover, and
Henningsen 1996; Stigler and Hiebert 2004)
To ensure that students have the opportunity to engage in high-level thinking, teachers must
regularly select and implement tasks that promote reasoning and problem solving. These
tasks encourage reasoning and access to the mathematics through multiple entry points, including the use of different representations and tools, and they foster the solving of problems
through varied solution strategies.
Furthermore, effective teachers understand how contexts, culture, conditions, and language
can be used to create mathematical tasks that draw on students’ prior knowledge and experiences (Cross et al. 2012; Kisker et. al. 2012; Moschkovich 1999, 2011) or that offer students
a common experience from which their work on mathematical tasks emerges (Boaler 1997;
Dubinsky and Wilson 2013; Wager 2012). As a result of teachers’ efforts to incorporate
these elements into mathematical tasks, students’ engagement in solving these tasks is more
strongly connected with their sense of identity, leading to increased engagement and motivation in mathematics (Aguirre, Mayfield-Ingram, and Martin 2013; Boaler 1997; Hogan 2008;
Middleton and Jansen 2011).

Discussion
Mathematical tasks can range from a set of routine exercises to a complex and challenging
problem that focuses students’ attention on a particular mathematical idea. Stein and colleagues
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(Stein, Grover, and Henningsen 1996; Stein and Smith 1998) have developed a taxonomy of
mathematical tasks based on the kind and level of thinking required to solve them. Smith and
Stein (1998) show the characteristics of higher- and lower-level tasks and provide samples
in each category; figure 3 reproduces their list of the characteristics of tasks at four levels of
cognitive demand, and figure 4 provides examples of tasks at each of the levels.

Fig. 3. Characteristics of mathematical tasks at four levels of cognitive demand.
From Smith and Stein (1998).
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Fig. 4. Sample tasks for four levels of cognitive demand. From Smith and Stein (1998).

From the perspective of this taxonomy, mathematical tasks are viewed as placing higherlevel cognitive demands on students when they allow students to engage in active inquiry and
exploration or encourage students to use procedures in ways that are meaningfully connected
with concepts or understanding. Tasks that encourage students to use procedures, formulas, or
algorithms in ways that are not actively linked to meaning, or that consist primarily of memorization or the reproduction of previously memorized facts, are viewed as placing lower-level
cognitive demands on students. Consider figure 5, which shows two tasks, both of which might
be used in an algebra unit that includes analyzing and solving pairs of simultaneous equations.
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Task A: Smartphone Plans
You are trying to decide which of two
smartphone plans would be better.
Plan A charges a basic fee of $30 per
month and 10 cents per text message.
Plan B charges a basic fee of $50 per
month and 5 cents per text message.
How many text messages would you need
to send per month for plan B to be the
better option? Explain your decision.

(Adapted from Illustrative Mathematics Illustrations:
www.illustrativemathematics.org/illustrations/469.)

Task B: Solving systems of equations
Solve each of the following systems:
–4x – 2y = –12
4x + 8y = –24
x – y = 11
2x + y = 19
8x + y = –1
–3x + y = –5
5x + y = 9
10x – 7y = –18

Fig. 5. Comparison of tasks with different cognitive demand

Task A is a high-level task, since no specific pathway has been suggested or is implied, and
students could use several different approaches to enter and solve the task (e.g., guess and
check, make a table, graph equations to find the point of intersection, solve a system of two
linear equations by using algebra). Further, students must put forth effort to determine and
enact a course of action and justify the reasonableness and accuracy of their solutions. By
contrast, task B is a low-level task because it is likely that students are expected to use a
specific memorized procedure that leaves little or no ambiguity about what they need to do.
The mathematics that students can learn in doing a high-level task is significantly different
from the mathematics that they learn from low-level tasks. Over time, the cumulative effect
of the use of mathematics tasks is students’ implicit development of ideas about the nature of
mathematics—about whether mathematics is something that they personally can make sense
of and how long and how hard they should have to work to solve any mathematical task.
It is important to note that not all tasks that promote reasoning and problem solving have to
be set in a context or need to consume an entire class period or multiple days. What is critical
is that a task provide students with the opportunity to engage actively in reasoning, sense
making, and problem solving so that they develop a deep understanding of mathematics.
Take, for example, the task on exponential functions in figure 6, which calls on students to
analyze functions by using visual representations. In working on this task, students explore
what happens to the graph of the function when the values of a change, and through their use
of representations, they generalize the behavior of the function.
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Using your graphing calculator, investigate the
changes that occur in the graph of y = ax for
different values of a, where a is any real number.
Explain what happens in the following cases:
(1)

a>1

(2)

a=1

(3)

0<a<1

(4)

a=0

(5)

a<0

Fig. 6. An algebra task requiring students to use graphical representations
to analyze exponential functions

This task promotes problem solving because students are positioned to explore the situation without being told in advance what to expect. Through reasoning about this task, they
are likely to determine the general shape of the graph of the function (e.g., when a > 1, the
graph starts out “flat” and close to the x-axis and then shoots up; when 0 < a < 1, the graph
shows a rapidly shrinking function), what occurs at 0 and 1, and the difference between a
growth function and a decay function. Extending this discussion to the case of a < 0
provides an important opportunity for students to learn why exponential functions are
restricted to a ≥ 0.
Tasks engaging students in reasoning and problem solving are not limited to middle and
high school content. Consider the task in figure 7, in which students in kindergarten–grade 1
decompose the number 10 into pairs in more than one way.

There are 10 cars in the parking lot. Some of the cars are red and some of the cars are
black. How many red cars and how many black cars could be in the parking lot?
Think of as many different combinations of cars as you can.
Show your solutions in as many ways as you can with cubes, drawings, or words, and
write an equation for each solution.

Fig. 7. A task for K–grade 1 on number pairs that make 10. Adapted from the
North Carolina Department of Public Instruction;
http://commoncoretasks.ncdpi.wikispaces.net/First+Grade+Tasks.
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In this problem, students identify one or more combinations that equal 10, using drawings,
cubes, or other tools (e.g., fingers, ten frame, Rekenrek) as needed to support their problem solving and explaining. This is a high-level task for most kindergarten and first-grade
students because they have not yet learned these combinations, and they can use a variety of
strategies (e.g., trial and error, counting up to 10 from a selected number, decomposing 10
into two sets) to determine the combinations that will work. Through the process of solving
this task, students may recognize similar combinations (e.g., 4 + 6 = 6 + 4) and begin to see
number patterns (e.g., 1 + 9, 2 + 8, 3 + 7; as one number gets bigger by 1, the other number
gets smaller by 1).
In determining the level of task, it is important to consider the prior knowledge and experiences of the students who will be engaged in the task. Tasks may begin as high-level tasks
for students who are initially learning about the underlying mathematics (e.g., systems of
linear equations, behaviors of functions, number combinations). Eventually, as students solidify their understanding of the underlying mathematics, these tasks may become more routine
experiences for them. Students then need tasks that further extend these mathematical ideas
in ways that continue to deepen understanding and strengthen mathematical reasoning and
problem solving.

Illustration
Although selecting tasks that promote reasoning and problem solving is a critical first step,
giving the task to students does not guarantee that students will actually engage in the task at
a high level. Consider the comparison that figure 8 presents in the implementation of task A,
Smartphone Plans, shown in figure 5, in two algebra classrooms.
Note that although Ms. Carson uses a task that could promote reasoning, as soon as she sees
students struggling, she provides them with a pathway for solving the task. By taking over
the thinking for her students, Ms. Carson removes their opportunity to engage deeply and
meaningfully with the mathematics and leaves them simply to apply a specific procedure.
By contrast, when Ms. McDonald sees her students struggling to figure out what to do, she
provides suggestions that will help them make progress on the task without giving them a
specific pathway to follow. This is the approach that NCTM (2000 p. 19) has long advocated:
Teachers must decide what aspects of a task to highlight, how to organize and orchestrate the
work of the students, what questions to ask to challenge those with varied levels of expertise,
and how to support students without taking over the process of thinking for them and thus
eliminating the challenge.

As a result of the way in which Ms. McDonald orchestrates the lesson, students have the
opportunity to consider different strategies and engage in mathematical problem solving at a
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As students in two algebra classrooms begin working with their partners on the
Smartphone Plans task, it becomes evident that students are struggling to get started.
Ms. Carson’s classroom
Ms. Carson calls the class together and tells the students that they first need to write
equations for both smartphone plans. She writes y = mx + b on the board and asks
students what m and b would be for each phone plan. Once they have established the
two equations, she goes to the board and creates a table that contains three columns: x
(number of text messages), y1 (cost for plan A), and y2 (cost for plan B). She suggests that
they begin with 0 text messages and then increment the x values in the table by 10. The
students resume their work with their partners and easily complete the table, identifying
(400, 70) as the point of intersection of the two equations.
Ms. McDonald’s classroom
Ms. McDonald poses questions to students as she walks around the room. When she notices students struggling to get started, she asks them how much it will cost to send one
text message in each plan. This question enables her to be sure that the students understand the relationship among the number of messages, the cost per message, and the
basic fee. She asks them which plan will cost more for a specific number of messages and
to consider whether this plan’s cost will always be higher. Then she leaves the partners
to discuss ways to use this information to solve the problem. As the students continue
working, she observes different approaches, hears debates on whether the answer is
400 messages or 401 messages, and plans how to sequence the whole-class discussion
to analyze and compare the varied strategies.

Fig. 8. A look inside two algebra classrooms at the implementation of
Smartphone Plans (task A in fig. 5)

high level of cognitive demand. Moreover, and most important, the students are challenged to
deepen their understanding of linear equations and what the point of intersection means, both
graphically and contextually.

Teacher and student actions
For students to learn mathematics with understanding, they must have opportunities to
engage on a regular basis with tasks that focus on reasoning and problem solving and make
possible multiple entry points and varied solution strategies. The actions listed in the table
on the next page provide a summary of what teachers and students need to do when implementing such tasks in the mathematics classroom. It is important to note that tasks that focus
on learning and applying procedures do have a place in the curriculum and are necessary for
developing fluency. Such tasks, however, should not dominate instruction and preempt the
use of tasks that promote reasoning. Instead, these tasks should build on and emerge from
these sense-making and problem-solving experiences.
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Implement tasks that promote reasoning and problem solving
Teacher and student actions
What are teachers doing?
Motivating students’ learning of mathematics through opportunities for exploring and solving problems that build on
and extend their current mathematical
understanding.
Selecting tasks that provide multiple entry points through the use of varied tools
and representations.
Posing tasks on a regular basis that require a high level of cognitive demand.
Supporting students in exploring tasks
without taking over student thinking.
Encouraging students to use varied approaches and strategies to make sense of
and solve tasks.

What are students doing?
Persevering in exploring and reasoning
through tasks.
Taking responsibility for making sense of
tasks by drawing on and making connections with their prior understanding and
ideas.
Using tools and representations as needed to support their thinking and problem
solving.
Accepting and expecting that their
classmates will use a variety of solution
approaches and that they will discuss and
justify their strategies to one another.

Use and Connect Mathematical
Representations
Effective teaching of mathematics engages students in making connections among
mathematical representations to deepen understanding of mathematics concepts
and procedures and as tools for problem solving.

Effective mathematics teaching includes a strong focus on using varied mathematical representations. NCTM (2000) highlighted the important role of mathematical representations in the
teaching and learning of mathematics by including the Process Standard for Representation in
Principles and Standards for School Mathematics. Representations embody critical features
of mathematical constructs and actions, such as drawing diagrams and using words to show
and explain the meaning of fractions, ratios, or the operation of multiplication. When students
learn to represent, discuss, and make connections among mathematical ideas in multiple forms,
they demonstrate deeper mathematical understanding and enhanced problem-solving abilities
(Fuson, Kalchman, and Bransford 2005; Lesh, Post, and Behr 1987).

Discussion
The general classification scheme for types of representations shown in figure 9 indicates important connections among contextual, visual, verbal, physical, and symbolic representational
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forms (Lesh, Post, and Behr 1987). Tripathi (2008) noted that using these “different representations is like examining the concept through a variety of lenses, with each lens providing a
different perspective that makes the picture (concept) richer and deeper” (p. 439). Students,
especially young learners, also benefit from using physical objects or acting out processes
during problem solving (National Research Council 2009).

Visual

Physical

Symbolic

Contextual

Verbal

Fig. 9. Important connections among mathematical representations

According to the National Research Council (2001), “Because of the abstract nature of mathematics, people have access to mathematical ideas only through the representations of those
ideas” (p. 94). The depth of understanding is related to the strength of connections among
mathematical representations that students have internalized (Pape and Tchoshanov 2001;
Webb, Boswinkel, and Dekker 2008). For example, students develop understanding of the
meaning of the fraction 7/4 (symbolic form) when they can see it as the quantity formed by
“7 parts of size one-fourth” with a tape diagram or on a number line (visual form), or measure a string that has a length of 7-fourths yards (physical form).
Visual representations are of particular importance in the mathematics classroom, helping
students to advance their understanding of mathematical concepts and procedures, make
sense of problems, and engage in mathematical discourse (Arcavi 2003; Stylianou and
Silver 2004). Visuals support problem solving as students consider relationships among
quantities when they sketch diagrams or make tables and graphs. The visual representations also support discourse because the diagrams or drawings leave a trace of student
problem solving that can be displayed, critiqued, and discussed. Math drawings and other
visual supports are of particular importance for English language learners, learners with
special needs, or struggling learners, because they allow more students to participate
meaningfully in the mathematical discourse in the classroom (Fuson and Murata 2007).
The visuals assist students in following the reasoning of their classmates and in giving
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voice to their own explanations as they gesture to parts of their math drawings and other
visual representations.
Students’ understanding is deepened through discussion of similarities among representations that reveal underlying mathematical structures or essential features of mathematical
ideas that persist regardless of the form (Zimba 2011). For example, fractions are composed
of the iteration of unit fractions, a structure that can be identified and discussed when students use paper strips as fraction models, draw tape diagrams or number lines, or use symbols. Likewise, the addition of fractions has a structure that is similar to that of the addition
of whole numbers, in that all addition involves combining same-sized units, such as adding
tens to tens or twelfths to twelfths. Mathematical structure can also be emphasized and discussed by asking students to translate or alternate directionality among the various representations, such as by linking symbols back to contexts (e.g., describing a real-world situation
for 3 × 29 or y = 3x + 5), making a table of values for a given ratio, or making a graph based
on the information in a table (Greeno and Hall 1997).
Success in solving problems is also related to students’ ability to move flexibly among representations (Huinker 2013; Stylianou and Silver 2004). Students should be able to approach
a problem from several points of view and be encouraged to switch among representations
until they are able to understand the situation and proceed along a path that will lead them
to a solution. This implies that students view representations as tools that they can use to
help them solve problems, rather than as an end in themselves. If, by contrast, algebra tiles
or base-ten blocks, for instance, are not used meaningfully, students may view use of the
physical objects as the goal instead of reaching an understanding of how the tiles allow them
to make sense of polynomials or how the base-ten blocks show the structure of the base-ten
number system.

Illustration
Students’ representational competence can be developed through instruction. Marshall,
Superfine, and Canty (2010, p. 40) suggest three specific strategies:
1.

Encourage purposeful selection of representations.

2. Engage in dialogue about explicit connections among representations.
3. Alternate the direction of the connections made among representations.
Consider the lesson presented in figure 10, and focus on how the teacher, Mr. Harris, uses
these strategies with his third-grade students as they represent and solve a problem involving
setting up chairs for a band concert.
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The third-grade class is responsible for setting up the chairs for the spring band concert.
In preparation, they have to determine the total number of chairs that will be needed and
ask the school’s engineer to retrieve that many chairs from the central storage area.
Mr. Harris explains to his students that they need to set up 7 rows of chairs with 20 chairs
in each row, leaving space for a center aisle. Next he asks the students to consider how
they might represent the problem: “Before you begin working on the task, think about a
representation you might want to use and why, and then turn and share your ideas with a
partner.”
The students then set to work on the task. Most sketch equal groups or decompose
area models. Two students cut an array out of grid paper. A few students make a table
or T-chart, listing the number of rows with the corresponding number of chairs. Some
students use symbolic approaches, such as repeated addition or partial products.
A few students change representations as they work. Dominique starts to draw tally
marks but then switches to using a table. When Mr. Harris asks her why, she explains that
she got tired of making all those marks. Similarly, Jamal starts to build an array with connecting cubes but then switches to drawing an array. These initial attempts are valuable,
if not essential, in helping each of these students make sense of the situation.
As the students work, the teacher poses purposeful questions to press them to consider
critical features of their representations: “How does your drawing show 7 groups?” “Why
are you adding all those twenties?” “How many twenties are you adding, and why?”
Before holding a whole-class discussion, Mr. Harris has the students find a classmate who
used a different representation and directs them to take turns explaining and comparing
their work as well as their solutions. For example, Jasmine, who drew the diagram shown
below on the left, compares her work with Kenneth, who used equations, as shown on
the right. Then Mr. Harris has the students repeat the process, finding another classmate
and holding another share-and-compare session.

Jasmine’s drawing

Kenneth’s equations

Mr. Harris begins the whole-class discussion by summarizing the goal for the lesson as
understanding how the different representations are related to the operation of multiplication. He first asks students to identify and explain how different visual representations
show both the number of equal groups and the amount in each group as a structure of

Fig. 10. A third-grade lesson emphasizing mathematical representations to solve a
task on setting up chairs for a band concert
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multiplication. This prompts the students to compare diagrams with equal groups, arrays,
and area models and discuss how they are similar and different. The students comment
that it is easy to see the number of chairs in each row in some of the diagrams but not in
others. Mr. Harris then writes 7 × 20 on the board and asks the students to explain how
the expression matches each of the diagrams.
Finally, Mr. Harris has the students discuss and compare the representations of those
students who considered the aisle and worked with tens rather than with twenties, such
as Amanda, whose work is shown below. He asks them to take this final step, knowing
that this informal experience and discussion of the distributive property will be important
in subsequent lessons.

Amanda’s work with tens

Fig. 10. Continued

Mr. Harris selects the task about the chairs for the band concert to focus on a problem situation that can be represented with arrays. The goal for the lesson is for students to understand
how the structure of multiplication is evident within and among different representations. He
chooses the numbers purposefully to build his students’ conceptual understanding of multiplying one-digit whole numbers by multiples of 10, using strategies based on place value and
properties of operations. He allows students to select and discuss their choices to represent
the problem situation. Mr. Harris pays close attention to what students are doing, and the
questions that he poses as they work and during the whole-class discussion help his students
make explicit connections among the representations in ways that further their understanding
of the central mathematical ideas of the lesson.

Teacher and student actions
Effective teaching emphasizes using and making connections among mathematical representations to deepen student understanding of concepts and procedures, support mathematical
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discourse among students, and serve as tools for solving problems. As students use and make
connections among contextual, physical, visual, verbal, and symbolic representations, they
grow in their appreciation of mathematics as a unified, coherent discipline. The teacher and
student actions listed in the table below provide a summary of what teachers and students do
in using mathematical representations in teaching and learning mathematics.

Use and connect mathematical representations
Teacher and student actions
What are teachers doing?

What are students doing?

Selecting tasks that allow students to
decide which representations to use in
making sense of the problems.

Using multiple forms of representations
to make sense of and understand mathematics.

Allocating substantial instructional time
for students to use, discuss, and make
connections among representations.

Describing and justifying their mathematical understanding and reasoning with
drawings, diagrams, and other representations.

Introducing forms of representations that
can be useful to students.
Asking students to make math drawings
or use other visual supports to explain
and justify their reasoning.
Focusing students’ attention on the structure or essential features of mathematical
ideas that appear, regardless of the representation.
Designing ways to elicit and assess
students’ abilities to use representations
meaningfully to solve problems.

Making choices about which forms of
representations to use as tools for solving
problems.
Sketching diagrams to make sense of
problem situations.
Contextualizing mathematical ideas by
connecting them to real-world situations.
Considering the advantages or suitability
of using various representations when
solving problems.

Facilitate Meaningful Mathematical Discourse
Effective teaching of mathematics facilitates discourse among students to build
shared understanding of mathematical ideas by analyzing and comparing student
approaches and arguments.

Effective mathematics teaching engages students in discourse to advance the mathematical
learning of the whole class. Mathematical discourse includes the purposeful exchange of
ideas through classroom discussion, as well as through other forms of verbal, visual, and
written communication. The discourse in the mathematics classroom gives students opportunities to share ideas and clarify understandings, construct convincing arguments regarding
why and how things work, develop a language for expressing mathematical ideas, and learn
to see things from other perspectives (NCTM 1991, 2000).
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Discussion
Discourse that focuses on tasks that promote reasoning and problem solving is a primary
mechanism for developing conceptual understanding and meaningful learning of mathematics (Michaels, O’Connor, and Resnick 2008). According to Carpenter, Franke, and Levi
(2003, p. 6),
Students who learn to articulate and justify their own mathematical ideas, reason through
their own and others’ mathematical explanations, and provide a rationale for their answers
develop a deep understanding that is critical to their future success in mathematics and
related fields.

Although discourse provides important opportunities for students to learn what mathematics
is and how one does it, creating a culture of discourse in the mathematics classroom also
presents challenges. Teachers must determine how to build on and honor student thinking
while ensuring that the mathematical ideas at the heart of the lesson remain prominent in
class discussions (Engle and Conant 2002). For example, in orchestrating a class discussion
of student approaches to solving a task, the teacher must decide what approaches to share,
the order in which they should be shared, and the questions that will help students make
connections among the different strategies and the key disciplinary ideas that are driving the
lesson. Such discussions can easily become little more than elaborate show-and-tell sessions
(Wood and Turner-Vorbeck 2001) in which it is not clear what each solution adds to students’
developing understanding or how it advances the mathematical storyline of the lesson. Smith
and Stein (2011) describe five practices for effectively using student responses in whole-class
discussions:
1.

Anticipating student responses prior to the lesson

2. Monitoring students’ work on and engagement with the tasks
3. Selecting particular students to present their mathematical work
4. Sequencing students’ responses in a specific order for discussion
5.

Connecting different students’ responses and connecting the responses to key
mathematical ideas

Students must also have opportunities to talk with, respond to, and question one another
as part of the discourse community, in ways that support the mathematics learning of all
students in the class. Hufferd-Ackles, Fuson, and Sherin (2004) describe a framework for
moving toward a classroom community centered on discourse. They examine how teachers and students proceed through levels in shifting from a classroom in which teachers
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play the leading role in pursuing student mathematical thinking to one in which they assist
students in taking on important roles. The framework describes growth in five components
(Hufferd-Ackles, Fuson, and Sherin 2014):
1.

How the teacher supports student engagement

2. Who serves as the questioner and what kinds of questions are posed
3. Who provides what kinds of explanations
4. How mathematical representations are used
5.

How much responsibility students share for the learning of their peers and
themselves

Figure 11 shows a table developed by Hufford-Ackles, Fuson, and Sherin (2014) to describe
the levels of classroom discourse through which teachers and their students advance.

Illustration
Mr. Donnelly and his seventh-grade students are studying proportional relationships and
their use to solve real-world and mathematical problems. As part of this work, Mr. Donnelly
wants his students to be able to identify multiplicative relationships between quantities and
recognize three strategies for solving such problems—scaling up, scale factor, and unit rate.
He has selected the Candy Jar task, shown in figure 12, for the lesson, since it is aligned with
his goals, provides opportunities for high-level reasoning, and offers multiple entry points.
Figure 13 shows Mr. Donnelly’s lesson on the Candy Jar task.

Suppose you have a new candy jar with the same ratio of Jolly
Ranchers (JR) to jawbreakers (JB) as shown in the picture, but it
contains 100 Jolly Ranchers.
How many jawbreakers do you have?
Justify your answer.
Note: In the picture, Jolly Ranchers are represented by 5 rectangles, and jawbreakers are
shown by 13 circles.

Fig. 12. The Candy Jar task. Adapted from Smith and colleagues (2005).
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Building student
responsibility within
the community

Fig. 11. Levels of classroom discourse. From Hufford-Ackles, Fuson, and Sherin (2014), table 1.

Students believe that
they are math leaders
and can help shape the
thinking of others. They
help shape others’ math
thinking in supportive,
collegial ways and accept the same support
from others.

Students follow and
help shape the descriptions of others’
math thinking through
math drawings and may
suggest edits in others’
math drawings.
Teacher follows student
explanations closely.
Teacher asks students
to contrast strategies.
Students defend and
justify their answers with
little prompting from
the teacher.

Student-to-student
talk is student initiated.
Students ask questions
and listen to responses. Many questions
ask “why” and call for
justification. Teacher
questions may still
guide discourse.

Students carry the conversation themselves.
Teacher only guides
from the periphery of
the conversation. Teacher waits for students
to clarify thinking of
others.

Level 2

Level 3

Students believe that
they are math learners
and that their ideas and
the ideas of their classmates are important.
They listen actively so
that they can contribute
significantly.
Students label their
math drawings so that
others are able to follow
their mathematical
thinking.

Teacher probes more
deeply to learn about
student thinking. Teacher elicits multiple strategies. Students respond
to teacher probing and
volunteer their thinking.
Students begin to defend their answers.

Teacher asks probing
questions and facilitates
some student-to-student
talk. Students ask questions of one another
with prompting from
teacher.

Teacher facilitates conversation between students, and encourages
students to ask questions of one another.

Level 1

Students believe that
their ideas are accepted by the classroom
community. They begin
to listen to one another
supportively and to restate in their own words
what another student
has said.

Teacher probes student
thinking somewhat. One
or two strategies may
be elicited. Teacher may
fill in an explanation.
Students provide brief
descriptions of their
thinking in response to
teacher probing.

Students learn to create
math drawings to depict
their mathematical
thinking.

Representations are
Culture supports
missing, or teacher
students keeping ideas
shows them to students. to themselves or just
providing answers when
asked.

Mathematical
representations

Teacher questions begin to focus on student
thinking and less on
answers. Only teacher
asks questions.

Teacher questions
focus on correctness.
Students provide short
answer-focused responses. Teacher may
give answers.

Explaining
mathematical thinking

Teacher encourages the
sharing of math ideas
and directs speaker to
talk to the class, not to
the teacher only.

Level 0

Questioning

Teacher is at the front of Teacher is only questhe room and domitioner. Questions serve
to keep students listennates conversation.
ing to teacher. Students
give short answers and
respond to teacher only.

Teacher role

Mr. Donnelly monitors his students as they work in small groups on the Candy Jar task,
providing support as needed and taking note of their strategies. He notices that students
who use the scaling up strategy do so in different ways. Some use a table that shows a
constant increase of 5 Jolly Ranchers and 13 jawbreakers (see solution 1 below), some use
a ratio table that contains different multiples of 5 and 13, and some even draw pictures of
candy jars. He decides to have the groups who created solutions 1, 2, and 3, shown below,
present their work (in this order), since these groups used the strategies that he is targeting
(i.e., scaling up, scale factor, and unit rate). This sequencing reflects the sophistication and
frequency of strategies (i.e., most groups used a version of the scaling up strategy, and only
one group used the unit rate strategy).
Solution 1. Scaling up reasoning
Student explanation: “I started with 5 Jolly Ranchers (JR) and 13 jawbreakers (JB), and I
just kept adding on 5 JR and 13 JB every time until I got to 100 JR. Then I saw that I had
260 JB.”
JR

5

10

15

20

25

30

35

40

45

50

55

60

65

70

75

80

85

90

95

JB

13

26

39

52

65

78

91

104 117 130 143 156 169 182 195 208 221 234 247 260

Solution 2. Scale factor reasoning
Student explanation: “You had to multiply the five Jolly Ranchers by 20 to get 100, so
you’d also have to multiply the 13 jawbreakers by 20, getting 260.”
(× 20)
5 JR

⟶ 100 JR

13 JB ⟶ 260 JB
(× 20)

Solution 3. Unit rate reasoning
Student explanation: “Since the ratio is 5 Jolly Ranchers (JR) for 13 jawbreakers (JB), you
could give each JR that you have 2 JB. That would use up 10 of them, and then you still
have 3 JB that have to be shared. So to distribute the 3 JB to the 5 JR, that would be
3 ÷ 5 = 0.6 of a JB, so putting that together would give the ratio of 1 JR to 2.6 JB. So
then you just multiply 100 by 2.6.”
(× 100)
1 JR

⟶ 100 JR

2.6 JB ⟶ 260 JB
(× 100)

During the discussion, Mr. Donnelly asks the presenters to explain what they did and why,
and he invites other students to consider whether the approach makes sense and to ask
questions. He makes a point of labeling each of the three strategies, asking students which
one is most efficient in solving this particular task, and he poses questions that help students make connections among the strategies and with the key ideas that he is targeting.

Fig. 13. Mr. Donnelly’s implementation of the Candy Jar task.
Solutions adapted from Smith and colleagues (2005).
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Specifically, he wants students to see that the scale factor is the same as the number of
entries in the table used for scaling up. In other words, it would take 20 candy jars with
the same number of Jolly Ranchers and jawbreakers as the original jar to make the new
candy jar. Mr. Donnelly then will have his students compare this result with the unit rate,
which is the factor that relates the number of Jolly Ranchers and the number of jawbreakers
in each column of the table in solution 1 (e.g., 5 × 2.6 = 13, just as 55 × 2.6 = 143, just as
100 × 2.6 = 260 ).
Toward the end of the lesson, Mr. Donnelly places the solution shown below as solution 4
on the document camera in the classroom and asks students to decide whether or not this
is a viable approach to solving the task and to justify their answers.
Solution 4. Incorrect additive reasoning
Student explanation: “100 Jolly Ranchers is 95 more than the 5 I started with. So I will
need 95 more jawbreakers than the 13 I started with.”
5 JR + 95 JR = 100 JR
13 JB + 95 JB = 108 JB
Mr. Donnelly gives the students five minutes to write a response, and he collects their
responses as they leave the room to go to the next class. He expects their responses
to give him some insight into whether they are coming to understand that for ratios to
remain constant, their numerators and denominators must grow at a rate that is multiplicative, not additive.

Fig. 13. Continued

Mr. Donnelly keeps close track of what his students are doing as they explore the task
(monitoring) so that he is positioned to make strategic choices regarding which solutions to
highlight during the whole-class discussion (selecting) and in what order (sequencing). He
selects three groups to present their work—each of which used one of the strategies that he
has targeted in his goal for the lesson. By making deliberate choices about what to focus on
during the whole-class discussion, he is able to use the discussion time to engage students
productively in a thoughtful consideration of a small number of approaches and the connections among them (connecting). His decision to end the class by asking students to write
individual critiques of a response that uses incorrect additive reasoning gives him a way of
assessing the extent to which his students understand that the relationship between the types
of candies is multiplicative, not additive.
Mr. Donnelly facilitates rather than directs the discussion. By building on the work produced
by students, he positions them as “authors” of the mathematics and engages them in rich
discourse about an important set of ideas related to ratios and proportional relationships. Although he asks questions and provides information (e.g., labels for the strategies) to ensure that
the mathematics learning goals are met, he does so in a way that gives the students ownership
of their learning. Mr. Donnelly is clearly in charge of the lesson, but he offers guidance mostly
under the radar, so that it does not impinge on students’ growing mathematical authority.
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Teacher and student actions
Mathematical discourse among students is central to meaningful learning of mathematics.
Teachers carefully prepare and purposefully facilitate discourse, such as whole-class discussions that build on student thinking and guide the learning of the class in a productive disciplinary direction. Students are active members of the discourse community as they explain
their reasoning and consider the mathematical explanations and strategies of their classmates.
The actions listed in the table below provide some guidance on what teachers and students do
as they engage in meaningful discourse in the mathematics classroom.

Facilitate meaningful mathematical discourse
Teacher and student actions
What are teachers doing?
Engaging students in purposeful sharing
of mathematical ideas, reasoning, and
approaches, using varied representations.
Selecting and sequencing student
approaches and solution strategies for
whole-class analysis and discussion.
Facilitating discourse among students by
positioning them as authors of ideas, who
explain and defend their approaches.
Ensuring progress toward mathematical
goals by making explicit connections to
student approaches and reasoning.

What are students doing?
Presenting and explaining ideas, reasoning, and representations to one another
in pair, small-group, and whole-class
discourse.
Listening carefully to and critiquing the
reasoning of peers, using examples to
support or counterexamples to refute
arguments.
Seeking to understand the approaches used by peers by asking clarifying
questions, trying out others’ strategies,
and describing the approaches used by
others.
Identifying how different approaches to
solving a task are the same and how they
are different.

Pose Purposeful Questions
Effective teaching of mathematics uses purposeful questions to assess and advance
students’ reasoning and sense making about important mathematical ideas and
relationships.

Effective mathematics teaching relies on questions that encourage students to explain and
reflect on their thinking as an essential component of meaningful mathematical discourse.
Purposeful questions allow teachers to discern what students know and adapt lessons to meet
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varied levels of understanding, help students make important mathematical connections,
and support students in posing their own questions. However, merely asking questions is not
enough to ensure that students make sense of mathematics and advance their reasoning. Two
critical issues must be considered—the types of questions that teachers ask and the pattern of
questioning that they use.

Discussion
Researchers have created a variety of frameworks to categorize the types of questions that
teachers ask (e.g., Boaler and Brodie 2004; Chapin and O’Connor 2007). Though the categories differ across frameworks, commonalities exist among the types of questions. For
example, the frameworks generally include questions that ask students to recall information,
as well as questions that ask students to explain their reasoning. Figure 14 displays a set of
question types that synthesizes key aspects of these frameworks that are particularly important for mathematics teaching. Although the question types differ with respect to the level of
thinking required in a response, all of the question types are necessary in the interactions
among teachers and students. For example, questions that gather information are needed to
establish what students know, while questions that encourage reflection and justification are
essential to reveal student reasoning.

Question type
1

Gathering
information

Description

Examples

Students recall facts, definitions, or procedures.

When you write an equation, what does the
equal sign tell you?
What is the formula for finding the area of a
rectangle?
What does the interquartile range indicate
for a set of data?

2

Probing
thinking

Students explain, elaborate,
or clarify their thinking,
including articulating the
steps in solution methods
or the completion of a
task.

As you drew that number line, what decisions did you make so that you could represent 7 fourths on it?
Can you show and explain more about how
you used a table to find the answer to the
Smartphone Plans task?
It is still not clear how you figured out that
20 was the scale factor, so can you explain it
another way?

Fig. 14. A framework for types of questions used in mathematics teaching
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Question type
3

4

Making the
mathematics
visible

Encouraging
reflection
and justification

Description

Examples

Students discuss mathematical structures and
make connections among
mathematical ideas and
relationships.

What does your equation have to do with
the band concert situation?

Students reveal deeper
understanding of their
reasoning and actions,
including making an argument for the validity of
their work.

How might you prove that 51 is the solution?

How does that array relate to multiplication
and division?
In what ways might the normal distribution
apply to this situation?

How do you know that the sum of two odd
numbers will always be even?
Why does plan A in the Smartphone Plans
task start out cheaper but become more
expensive in the long run?

Fig. 14. Continued

While the types of questions that teachers ask are important, so are the patterns of questions
that they use during teacher-student interactions (Walsh and Sattes 2005). In the InitiateResponse-Evaluate (I-R-E) pattern, the teacher starts by asking a question to gather information, generally with a specific response in mind; a student responds; and then the teacher
evaluates the response (Mehan 1979). It is not uncommon for teachers to allocate less than
five seconds for a student to respond, and to take even less time to consider the answer
themselves. This pattern of questioning generally affords very limited opportunities for students to think and provides teachers with no access to whether or how students are making
sense of mathematics. Other questioning patterns involve more than asking recall questions.
Two of these patterns of questioning are funneling and focusing (Herbel-Eisenmann and
Breyfogle 2005; Wood 1998).
The funneling pattern of questioning involves using a set of questions to lead students to
a desired procedure or conclusion, while giving limited attention to student responses that
veer from the desired path. The teacher has decided on a particular path for the discussion
to follow and leads the students along that path, not allowing students to make their own
connections or build their own understanding of the targeted mathematical concepts. The
I-R-E pattern is closely akin to funneling, though higher-level questions may be part of the
funneling pattern.
In contrast, a focusing pattern of questioning involves the teacher in attending to what the
students are thinking, pressing them to communicate their thoughts clearly, and expecting
them to reflect on their thoughts and those of their classmates. The teacher who uses this
pattern of questioning is open to a task being investigated in multiple ways. On the basis of
content knowledge related to the topic and knowledge of student learning, the teacher plans
questions and outlines key points that should become salient in the lesson.
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Illustration
Figure 15 shows two high school teachers’ implementation of the Coin Circulation task in
their classrooms. They choose the task because it provides an opportunity for students to
summarize, represent, and interpret data and to further understand and evaluate random processes underlying statistical investigations. In particular, students represent data with plots
on the real number line and interpret differences in shape, center, and spread in the context of
the data set.

Students in two high school classrooms are investigating how much money it costs to mint
coins. As part of the investigation, the students decide that it would be helpful to determine
the approximate number of years that a coin stays in circulation. Rather than studying all different types of coins, the students choose to collect data about the ages of pennies. This sets
the stage for the students to investigate the question, “How many years does a penny stay in
circulation?”
The teachers’ mathematics learning goals for the task are for students to collect data, analyze
the data, and reach a conclusion, as well as to identify the limitations of this investigation with
respect to its sampling method. Specifically, the teachers want the students to recognize that
the results do not generalize to a larger population.

Number of pennies

Both teachers ask all the students to bring in pennies. The goal for each class is to bring in the
equivalent of about one roll for every two or three students. Small groups sort their pennies
by the year of minting and determine the age of each coin. The data from the entire class is
recorded in a table on the board. The small groups then create dot plots and box plots similar
to those shown below, based on the age of the coins.

Age (years)

Fig. 15. The Coin Circulation task
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Coin age (years)

Fig. 15. Continued

Although the task engages the students in both classrooms in reasoning and problem solving,
the teachers use different questioning patterns. The excerpts from the whole-class discussions shown in figure 16 illustrate the two teachers’ questioning patterns.

Questioning pattern: Funneling
T:

What do you notice about the graph?
[waits briefly] Do you see a pattern in
the data? [waits briefly again] What are
the measures of center for the pennies?

Questioning pattern: Focusing
T:

What things do you notice or wonder about
the age of pennies?

S1: It doesn’t seem like many of them are very
old.
T:

What about the graph makes you say that?

S1: The mean is about 12.9 years, and the
median is about 9 years.

S1: There’s a big mound for newer pennies.

T:

T:

What does the box plot tell us about
the variability of the data?

Is there anything else that you notice?

S2: It has a long tail on one side.

S2: I found the interquartile range and saw that
most pennies are from 3 to 19 years old.

T:

T:

That may be true, but what about the
interquartile range—the IQR? What
does it tell us?

S3: Where most of the pennies occur.
T:

Is that really what the IQR tells us?
What does each part of the box plot
stand for?

Explain to us what the interquartile range
tells us.

S2: It is where most of the pennies occur.
T:

What do you mean by “most of the
pennies”?

Fig. 16. A comparison of questioning patterns on the Coin Circulation task in two
classrooms. (T is Teacher, S1 is Student 1, and so on.)
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Questioning pattern: Funneling
S4: Each part is 25 percent.

Questioning pattern: Focusing

S5: The middle is 50 percent of the pennies and is from 3 to 19 years old.

S2: Well, I mean the middle 50 percent. I
thought the graph made it hard to tell
where things really were. It doesn’t look normal, so I couldn’t use the middle 68 percent
thing we talked about.

T:

T:

T:

Yes, so what else?

Good. What can we say about pennies
on the basis of this information?

I’m not sure I understand. Can someone
else comment on what she’s saying?

S6: That most of them are about 10 years
old.

S3: She means that since there’s a tail, the
graph isn’t like the normal curves we studied. If it were, we could approximate where
T: But since these are pennies, what does
the most likely ages are—like 68 percent
that tell us about all coins?
of the data would be within one standard
S7: That coins will be about 10 years old.
deviation of the mean.
T:

Well, 10 years is for pennies, but this
wouldn’t necessarily be the same for,
say, quarters. Why not?

[More discussion follows, and the students
determine that 75 percent of the pennies are not
more than 19 years old.]
T:

Would I be correct if I said that a fifty-cent
piece would probably be no more than 19
years old?

S4: Yes, because these coins were a random
sample, and that means we can generalize.
S5: But we looked at pennies, so we can’t
generalize to quarters. People use pennies
more.
T:

What do you mean by that?

S5: Pennies may wear out. We don’t know about
other coins from our sample, because quarters would be a different population.

Fig. 16. Continued

In the funneling example, the teacher wants students to look at the measures of center and
the dispersion of the data. The dialogue demonstrates a reliance on gathering-of-information
questions. Some recall of information is necessary so that the teacher knows the baseline
of the students’ thinking. But questions that probe for understanding need to be part of a
questioning pattern that advances student reasoning. As this funneling dialogue moves
forward, the teacher has the students look at the center and spread of the data to draw a
conclusion and finally asks a higher-level question: “What can we say about pennies on the
basis of this information?” Because the students have not been given an opportunity to think
deeply enough about what the data tells them about the circulation of pennies, they can give
only superficial responses to this question. This example illustrates a far-too-common pattern of questioning, in which the teacher initially uses a probing question but allows little
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wait time and immediately follows up with questions that become more directed toward
one particular answer.
By contrast, the focusing example illustrates how the teacher purposefully blends all four
types of questions. Some questions have been planned in advance of the lesson, along with
consideration of possible student responses. Other questions are formulated on the spot, in
response to student statements and actions during the lesson. Throughout the dialogue, the
teacher strives to include questions that push students to clarify their ideas and make the
mathematics visible, with the aim of deepening students’ mathematical understanding in
alignment with the intended learning goals.

Teacher and student actions
In effective teaching, teachers use a variety of question types to assess and gather evidence
of student thinking, including questions that gather information, probe understanding, make
the mathematics visible, and ask students to reflect on and justify their reasoning. Teachers
then use patterns of questioning that focus on and extend students’ current ideas to advance
student understanding and sense making about important mathematical ideas and relationships. The teacher and student actions listed in the table below provide a summary of using
questions purposefully in the mathematics classroom.

Pose purposeful questions
Teacher and student actions
What are teachers doing?
Advancing student understanding by
asking questions that build on, but do not
take over or funnel, student thinking.
Making certain to ask questions that go
beyond gathering information to probing
thinking and requiring explanation and
justification.
Asking intentional questions that make
the mathematics more visible and
accessible for student examination and
discussion.

What are students doing?
Expecting to be asked to explain, clarify,
and elaborate on their thinking.
Thinking carefully about how to present
their responses to questions clearly, without rushing to respond quickly.
Reflecting on and justifying their reasoning, not simply providing answers.
Listening to, commenting on, and
questioning the contributions of their
classmates.

Allowing sufficient wait time so that
more students can formulate and offer
responses.
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Build Procedural Fluency
from Conceptual Understanding
Effective teaching of mathematics builds fluency with procedures on a foundation
of conceptual understanding so that students, over time, become skillful in using
procedures flexibly as they solve contextual and mathematical problems.

Effective mathematics teaching focuses on the development of both conceptual understanding and procedural fluency. Major reports have identified the importance of an integrated
and balanced development of concepts and procedures in learning mathematics (National
Mathematics Advisory Panel 2008; National Research Council 2001). Furthermore, NCTM
(1989, 2000) and CCSSM (NGA Center and CCSSO 2010) emphasize that procedural fluency
follows and builds on a foundation of conceptual understanding, strategic reasoning, and
problem solving.

Discussion
When procedures are connected with the underlying concepts, students have better retention
of the procedures and are more able to apply them in new situations (Fuson, Kalchman, and
Bransford 2005). Martin (2009, p. 165) describes some of the reasons that fluency depends on
and extends from conceptual understanding:
To use mathematics effectively, students must be able to do much more than carry out mathematical procedures. They must know which procedure is appropriate and most productive
in a given situation, what a procedure accomplishes, and what kind of results to expect. Mechanical execution of procedures without understanding their mathematical basis often leads
to bizarre results.

Fluency is not a simple idea. Being fluent means that students are able to choose flexibly
among methods and strategies to solve contextual and mathematical problems, they understand and are able to explain their approaches, and they are able to produce accurate answers
efficiently. Fluency builds from initial exploration and discussion of number concepts to
using informal reasoning strategies based on meanings and properties of the operations to
the eventual use of general methods as tools in solving problems. This sequence is beneficial
whether students are building toward fluency with single- and multi-digit computation with
whole numbers or fluency with, for example, fraction operations, proportional relationships,
measurement formulas, or algebraic procedures.
Computational fluency is strongly related to number sense and involves so much more than
the conventional view of it encompasses. Developing students’ computational fluency extends far beyond having students memorize facts or a series of steps unconnected to understanding (Baroody 2006; Griffin 2005). A rush to fluency, however, undermines students’
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confidence and interest in mathematics and is considered a cause of mathematics anxiety
(Ashcraft 2002; Ramirez et al. 2013). Further, early work with reasoning strategies is related to algebraic reasoning. As students learn how quantities can be taken apart and put back
together in different ways (i.e., decomposition and composition of numbers), they establish a
basis for understanding properties of the operations. Students need this early foundation for
meaningful learning of more formal algebraic concepts and procedures throughout elementary school and into middle and high school (Carpenter, Franke, and Levi 2003; Griffin 2003;
Common Core State Standards Writing Team 2011).
In meaningful learning of basic number combinations (i.e., addition and subtraction within
20 and multiplication and division within 100), students progress through well-documented
phases toward fluency (Baroody 2006; Baroody, Bajwa, and Eiland 2009; Carpenter et al.
1999). Students begin by using objects, visual representations, and verbal counting, and then
they progress to reasoning strategies using number relationships and properties. For example,
to solve 8 + 4, a first grader might count on from 8 early in the school year, whereas later in
the year the same student might reason that since 8 + 2 is 10, then 8 + 4 must be 2 more than
10, or 12. A third grader might initially use repeated addition to solve 4 × 6 and then progress
to reason that 2 sixes are 12, so 4 sixes must be double that amount, which is 24. This approach supports students, over time, in knowing, understanding, and being able to use their
knowledge of number combinations meaningfully in new situations.
Learning procedures for multi-digit computation needs to build from an understanding of
their mathematical basis (Fuson and Beckmann 2012/2013; Russell 2000). For example,
consider the work in figure 17 by David and Anna, two fourth graders, on a multiplication
problem, 57 × 4 = W , and their explanations of what they have done.
David’s solution

I multiplied 7 and 4 and got 28. I put down the 8
and carried the 2. Then I added the 2 and the 5
and got 7 and multiplied it by 4 and got 28. I put
down the 28 and got 288.

Anna’s solution

I did it in parts. First I multiplied
4 x 50 and got 200. Then I
multiplied 4 and 7 and got 28.
Then I just added those two
parts together to get the answer.

Fig. 17. David’s and Anna’s solutions to a multiplication problem.
Adapted from Russell (2000).
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David’s faulty application of the multiplication algorithm leads to an incorrect answer that
he should have recognized as too large (i.e., a reasonable answer must be less than 4 × 60).
Anna’s solution, by contrast, shows her understanding that 57 can be partitioned into tens and
ones, that each quantity can be multiplied by 4 (an application of the distributive property),
and that those new quantities can then be combined.
Similarly, a high school student who does not understand the distance formula,
d = (x1 − x2 )2 + (y1 − y2 )2 ,
may have trouble accurately recalling it and applying it appropriately to problem situations.
By contrast, a student who understands that the formula is an application of the Pythagorean
theorem (i.e., the distance between two points can be thought of as the hypotenuse of a right
triangle) can use an understanding of this underlying relationship to solve a problem involving the distance between two points correctly (Martin 2009).
Clearly, students need procedures that they can use with understanding on a broad class of
problems. This raises questions regarding how students can move most effectively toward
fluency with general methods or algorithms, as well as what defines an algorithm. Fuson
and Beckmann (2012/2013) argue that a standard algorithm is defined by its mathematical
approach and not by the way in which the steps in the approach are recorded. They suggest
that variations in written notation are not only acceptable but indeed valuable in supporting
students’ understanding of the base-ten system and properties of the operations. They also
emphasize the importance of understanding, explaining, and visualizing: “Standard algorithms are to be understood and explained and related to visual models before there is any
focus on fluency” (p. 28).
For example, as figure 18 illustrates, the conventional algorithm for multi-digit multiplication
is difficult to understand, whereas the three alternative methods shown are more transparent
with respect to the central mathematical features of place-value meanings and properties of
the operations (Fuson 2003). The diagrams show the multiplication of tens and ones and the
relative size (in area) of the partial products. The accessible algorithm shows a clear record
of the four pairs of numbers that are multiplied. This progression also supports students in
establishing a basis from which to apply and extend these understandings to operations with
rational numbers and algebraic expressions.
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Array model
40

Open array model
+6

60

+8

Accessible algorithm

Conventional algorithm

Fig. 18. Methods for multi-digit multiplication, using 68 × 46.
Adapted from Fuson (2003, p. 303).

In moving to fluency, students also need opportunities to rehearse or practice strategies and
procedures to solidify their knowledge. However, giving students too many practice problems too soon is an ineffective approach to fluency. Students need opportunities to practice
on a moderate number of carefully selected problems after they have established a strong
conceptual foundation and the ability to explain the mathematical basis for a strategy or
procedure. At that point, providing students with practice on a small number of problems,
“spacing” or distributing these over time, and including feedback on student performance
support learning outcomes (Pashler et al. 2007; Rohrer 2009; Rohrer and Taylor 2007).
Similarly, practice with basic number combinations should occur after students can explain
and justify their use of efficient reasoning strategies. A word of caution is important in regard
to timed tests. The premature and overuse of such tests may hinder students’ mathematical
proficiency and lower their confidence in themselves as learners of mathematics (Boaler 2012;
Seeley 2009). Practice with basic number combinations should focus on solidifying students’
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use of an efficient strategy for specific number combinations (Rathmell 2005; Thornton 1978).
Isaacs and Carroll (1999) suggest that practice be brief, engaging, purposeful, and distributed. For example, practice can target specific strategies, such as making a ten for addition or
doubling a known fact for multiplication, and can be embedded in problem-solving tasks and
games (Crespo, Kyriakides, and McGee 2005).

Illustration
Mr. Donnelly’s use of the lesson featuring the Candy Jar task, illustrated in figure 13, is an
important step in building his students’ fluency in solving problems that involve proportional relationships. Mr. Donnelly helps his students understand that the ratios need to remain
constant and that they can use different approaches to preserve this constant multiplicative
relationship between the numerator and the denominator. Over time, Mr. Donnelly will need
to discuss the efficiency of some strategies over others (e.g., using the scale factor is usually
more efficient than scaling up by using a table), and he will need to provide examples of problems that specific strategies would be particularly useful in solving. Ultimately, Mr. Donnelly
will want to give his students problems in which neither the unit rate nor the scale factor are
integers (e.g., 5/13 = 127/x ) and ask students to devise methods for finding the missing value.
Students might generate either of the approaches shown in figure 19, the scale factor method
and the unit rate method.
Consider the reasoning that underlies each of these methods and how each is clearly grounded
in an understanding of ratio concepts and multiplicative relationships. Mr. Donnelly could
then ask his students to consider the generalizability of these approaches as another step
toward fluency in solving problems involving proportional relationships.

Teacher and student actions
Effective teaching not only acknowledges the importance of both conceptual understanding
and procedural fluency but also ensures that the learning of procedures is developed over
time, on a strong foundation of understanding and the use of student-generated strategies
in solving problems. This approach supports students in developing the ability to understand and explain their use of procedures, choose flexibly among methods and strategies to
solve contextual and mathematical problems, and produce accurate answers efficiently. The
actions identified in the table at the right summarize what teachers and students are doing
in mathematics classrooms to build procedural fluency from conceptual understanding and
problem-solving experiences.
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Scale factor method

Unit rate method

Student explanation: “The original jar
contained 5 Jolly Ranchers, but the new jar
contains 127 Jolly Ranchers, so 5 times some
number is 127. So, 127 ÷ 5 = 25.4. So, this is
the factor that I need to use because the new
jar has to have 25.4 times more Jolly Ranchers.
Since the original jar had 13 jawbreakers and I
need to keep the same ratio, I needed to multiply 13 by the same scale factor, so 13 × 25.4 =
330.2 jawbreakers in the new jar.”

Student explanation: “The ratio is 5 Jolly
Ranchers for every 13 jawbreakers, so 5
times some number is 13. If I distribute the
13 jawbreakers equally among the 5 Jolly
Ranchers, 13 ÷ 5 = 2.6, which gives the ratio
of 1 Jolly Rancher for every 2.6 jawbreakers,
so 2.6 is the unit rate. Since I have 127 Jolly
Ranchers, or units, in the new jar, I have to
multiply this by the unit rate, so 127 × 2.6 =
330.2 jawbreakers.
“Well, 330.2 is the exact answer. But since
jawbreakers have to be whole numbers, the
answer to problem is 330 jawbreakers.”

Fig. 19. Student approaches to the Candy Jar task, leading to general methods

Build procedural fluency from conceptual understanding
Teacher and student actions
What are teachers doing?

What are students doing?

Providing students with opportunities to
use their own reasoning strategies and
methods for solving problems.

Making sure that they understand and
can explain the mathematical basis for the
procedures that they are using.

Asking students to discuss and explain
why the procedures that they are using
work to solve particular problems.

Demonstrating flexible use of strategies
and methods while reflecting on which
procedures seem to work best for specific
types of problems.

Connecting student-generated strategies
and methods to more efficient procedures
as appropriate.

Determining whether specific approaches
generalize to a broad class of problems.
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Build procedural fluency from conceptual understanding
Teacher and student actions, continued
What are teachers doing?
Using visual models to support students’
understanding of general methods.

What are students doing?
Striving to use procedures appropriately
and efficiently.

Providing students with opportunities for
distributed practice of procedures.

Support Productive Struggle in Learning
Mathematics
Effective teaching of mathematics consistently provides students, individually and
collectively, with opportunities and supports to engage in productive struggle as they
grapple with mathematical ideas and relationships.

Effective mathematics teaching supports students in struggling productively as they learn
mathematics. Such instruction embraces a view of students’ struggles as opportunities for
delving more deeply into understanding the mathematical structure of problems and relationships among mathematical ideas, instead of simply seeking correct solutions. In contrast to
productive struggle, unproductive struggle occurs when students “make no progress towards
sense-making, explaining, or proceeding with a problem or task at hand” (Warshauer 2011,
p. 21). A focus on student struggle is a necessary component of teaching that supports students’ learning of mathematics with understanding (Hiebert and Grouws 2007). Teaching
that embraces and uses productive struggle leads to long-term benefits, with students more
able to apply their learning to new problem situations (Kapur 2010).

Discussion
In comparisons of mathematics teaching in the United States and in high-achieving
countries, U.S. mathematics instruction has been characterized as rarely asking students
to think and reason with or about mathematical ideas (Banilower et al. 2006; Hiebert and
Stigler 2004). Teachers sometimes perceive student frustration or lack of immediate success
as indicators that they have somehow failed their students. As a result, they jump in to “rescue” students by breaking down the task and guiding students step by step through the difficulties. Although well intentioned, such “rescuing” undermines the efforts of students, lowers
the cognitive demand of the task, and deprives students of opportunities to engage fully in
making sense of the mathematics (Reinhart 2000; Stein et al. 2009). As teachers plan lessons,
key components for them to consider are the student struggles and misconceptions that might
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arise. Thinking about these in advance allows teachers to plan ways to support students productively without removing the opportunities for students to develop deeper understanding of
the mathematics.
Mathematics classrooms that embrace productive struggle necessitate rethinking on the part
of both students and teachers. Students must rethink what it means to be a successful learner
of mathematics, and teachers must rethink what it means to be an effective teacher of mathematics. Figure 20 summarizes one such effort to redefine success in the mathematics classroom (Smith 2000), including expectations for students in regard to what it means to know
and do mathematics, and actions for teachers with respect to what they can do to support
students’ learning, including acknowledging and using struggles as opportunities to learn.

Expectations for
students

Teacher actions to
support students

Classroom-based
indicators of success

Most tasks that promote
reasoning and problem
solving take time to solve,
and frustration may occur, but
perseverance in the face of
initial difficulty is important.

Use tasks that promote reasoning and problem solving;
explicitly encourage students
to persevere; find ways to
support students without
removing all the challenges
in a task.

Students are engaged in the
tasks and do not give up. The
teacher supports students
when they are “stuck” but
does so in a way that keeps
the thinking and reasoning at
a high level.

Correct solutions are important, but so is being able to
explain and discuss how one
thought about and solved
particular tasks.

Ask students to explain and
justify how they solved a
task. Value the quality of the
explanation as much as the
final solution.

Students explain how they
solved a task and provide
mathematical justifications for
their reasoning.

Everyone has a responsibility
and an obligation to make
sense of mathematics by
asking questions of peers and
the teacher when he or she
does not understand.

Give students the opportunity to discuss and determine
the validity and appropriateness of strategies and
solutions.

Students question and critique the reasoning of their
peers and reflect on their
own understanding.

Give students access to tools Students are able to use tools
Diagrams, sketches, and
that will support their thinking to solve tasks that they canhands-on materials are imnot solve without them.
portant tools to use in making processes.
sense of tasks.
Communicating about one’s
thinking during a task makes
it possible for others to help
that person make progress on
the task.

Ask students to explain their
thinking and pose questions
that are based on students’
reasoning, rather than on the
way that the teacher is thinking about the task.

Students explain their thinking about a task to their peers
and the teacher. The teacher
asks probing questions based
on the students’ thinking.

Fig. 20. Redefining student and teacher success. Adapted from Smith (2000, p. 382).
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Teachers greatly influence how students perceive and approach struggle in the mathematics
classroom. Even young students can learn to value struggle as an expected and natural part
of learning, as demonstrated by the class motto of one first-grade math class: “If you are not
struggling, you are not learning” (Carter 2008, p. 136). Teachers must accept that struggle is
important to students’ learning of mathematics, convey this message to students, and provide time for them to try to work through their uncertainties. Unfortunately, this may not be
enough, since some students will still simply shut down in the face of frustration, proclaim
“I don’t know,” and give up. Dweck (2006) has shown that students with a fixed mindset—
that is, those who believe that intelligence (especially math ability) is an innate trait—are
more likely to give up when they encounter difficulties because they believe that learning
mathematics should come naturally. By contrast, students with a growth mindset—that is,
those who believe that intelligence can be developed through effort—are likely to persevere
through a struggle because they see challenging work as an opportunity to learn and grow.
The fixed mindset appears to be more prevalent in mathematics than in other subject areas
(Dweck 2008). Mindsets, however, can be changed when students realize that they are in
control of how they approach and view their own abilities to learn (Blackwell, Trzesniewski,
and Dweck 2007). It is important to note that even students who have always gotten good
grades may have a fixed mindset. These higher-achieving students are often concerned about
how smart they appear to be, so they prefer tasks that they can already do well and try to
avoid tasks in which they may make mistakes. Dweck (2008, p. 8) offers important words of
caution:
For the last few decades many parents and educators have been more interested in making
students feel good about themselves in math and science than in helping them achieve. Sometimes this may take the form of praising their intelligence or talent and sometimes this may
take the form of relieving them of the responsibility of doing well, for example, by telling
them they are not a “math person.” Both of these strategies can promote a fixed mindset.

A key message from this research is that teachers must acknowledge and value students
for their perseverance and effort in reasoning and sense making in mathematics and must
provide students with specific descriptive feedback on their progress related to these efforts
(Clarke 2003; Hattie and Timperley 2007). This behavior by teachers may include giving
feedback to students that values their efforts at trying varied strategies in solving problems,
their willingness to ask questions about specific aspects of the task, or their attempts to be
precise in explanations and use of mathematical language. For example, if students need
to be more precise in their written or verbal explanations, the teacher could provide feedback that details how their explanations either are, or are not, precise. The result will be
the development of students who are more likely to embrace difficulties and uncertainties
as natural opportunities in solving problems and maintain engagement and persistence in
their mathematics learning. (For an example of a warm-up routine that engages students in
an eighth-grade classroom in productive struggle, view “My Favorite No: Learning from
Mistakes” [https://www.teachingchannel.org/videos/class-warm-up-routine].)
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Illustration
Figure 21 illustrates how two teachers, Ms. Flahive and Ms. Ramirez, present a real-world
task related to fractions to two classes of fifth-grade students. In both classrooms, some
students are immediately at a loss, upset, and vocal about their feeling that they don’t know
what to do. The two teachers respond to their students’ discomfort in different ways.

Ms. Flahive and Ms. Ramirez teach fifth grade and plan their lessons collaboratively. Their current instructional unit focuses on fractions. They have selected the Shopping Trip task shown
below because they think it will be accessible to their students yet provoke some struggle
and challenge, since a solution pathway is not straightforward. The mathematics goal for students is to draw on and apply their understanding of how to build non-unit fractions from unit
fractions and to use visual representations to solve a multi-step word problem:
Shopping Trip Task
Joseph went to the mall with his friends to spend the money that he had received
for his birthday. When he got home, he had $24 remaining. He had spent 3/5 of his
birthday money at the mall on video games and food. How much money did he spend?
How much money had he received for his birthday?
When Ms. Flahive and Ms. Ramirez present the problem in their classrooms, both teachers
see students struggling to get started. Some students in both classrooms immediately raise
their hands, saying, “I don’t get it,” or “I don’t know what to do.”
Ms. Flahive is very directive in her response to her students. She tells them to draw a rectangle and shows them how to divide it into fifths to represent what Joseph had spent and
what he had left. She then guides her students step by step until they have labeled each
one-fifth of the rectangle as worth $12, as shown below. Finally, she tells the students to
use the information in the diagram to figure out the answers to the questions.

Ms. Ramirez approaches her students’ struggles very differently. After she sees them struggling, she has them stop working on the problem and asks all the students to write down
two things that they know about the problem and one thing that they wish they knew because it would help them make progress in solving the problem. Then Ms. Ramirez initiates
a short class discussion in which several ideas are offered for what to do next. Suggestions
include drawing a tape diagram or number line showing fifths, or just picking a number,
such as $50 and proceeding through trial and error. Ms. Ramirez encourages the students
to consider the various ideas that have been shared as they continue working on the task.

Fig. 21. Two teachers’ responses to students’ struggles to solve a multi-step
word problem involving fractions
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Ms. Flahive wants the students to be successful in figuring out the answer, so she begins
to direct their work. Ms. Ramirez resists the temptation to step in but instead supports the
students in considering what they know and what they need to figure out. As a result of these
different approaches by the teachers to supporting struggling students, the students have
very different opportunities to learn. Ms. Flahive’s students learn that if you struggle and are
vocal about your confusion, the teacher will ultimately tell you what to do; Ms. Ramirez’s
students learn that if you struggle and are at an impasse, the teacher will provide some
assistance—but in the end you have to figure things out for yourself.

Teacher and student actions
Effective mathematics teaching uses students’ struggles as valuable opportunities to deepen
their understanding of mathematics. Students come to realize that they are capable of doing
well in mathematics with effort and perseverance in reasoning, sense making, and problem solving. Teachers provide supports for students, individually and collectively, to work
through uncertainties as they grapple with representing a mathematical relationship, explaining and justifying their reasoning, or finding a solution strategy for a mathematical problem.
The table below summarizes teacher and student actions that embrace struggle as a natural
aspect of learning in the mathematics classroom.

Support productive struggle in learning mathematics
Teacher and student actions
What are teachers doing?

What are students doing?

Anticipating what students might struggle
with during a lesson and being prepared
to support them productively through the
struggle.

Struggling at times with mathematics
tasks but knowing that breakthroughs often emerge from confusion and struggle.

Giving students time to struggle with
tasks, and asking questions that scaffold
students’ thinking without stepping in to
do the work for them.
Helping students realize that confusion
and errors are a natural part of learning,
by facilitating discussions on mistakes,
misconceptions, and struggles.
Praising students for their efforts in
making sense of mathematical ideas
and perseverance in reasoning through
problems.
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Asking questions that are related to the
sources of their struggles and will help
them make progress in understanding
and solving tasks.
Persevering in solving problems and
realizing that is acceptable to say, “I don’t
know how to proceed here,” but it is not
acceptable to give up.
Helping one another without telling their
classmates what the answer is or how to
solve the problem.
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Elicit and Use Evidence of Student Thinking
Effective teaching of mathematics uses evidence of student thinking to assess
progress toward mathematical understanding and to adjust instruction continually
in ways that support and extend learning.

Effective mathematics teaching elicits evidence of students’ current mathematical understanding and uses it as the basis for making instructional decisions. This attention to both eliciting
and using evidence is an essential component of formative assessment (Wiliam 2007a). Leahy
and colleagues (2005) noted that “teachers using assessment for learning continually look for
ways in which they can generate evidence of student learning, and they use this evidence to
adapt their instruction to better meet their students’ learning needs” (p. 23). A focus on evidence includes identifying indicators of what is important to notice in students’ mathematical
thinking, planning for ways to elicit that information, interpreting what the evidence means
with respect to students’ learning, and then deciding how to respond on the basis of students’
understanding (Jacobs, Lamb, and Philipp 2010; Sleep and Boerst 2010; van Es 2010).

Discussion
A focus on evidence begins with a clear understanding of what counts as an indicator of
students’ mathematical thinking (Chamberlin 2005; Sherin and van Es 2003) and requires
that teachers attend to more than just whether an answer is or is not correct (Crespo 2000).
One source for identifying critical indicators of student thinking is learning trajectories
that describe how students’ mathematical understanding develops over time (Clements and
Sarama 2004; Sztajn et al. 2012). Another source for defining what counts as evidence is
common patterns of reasoning that appear in students’ thinking, including common
difficulties, mistakes, and misconceptions (Swan 2001).
For example, in planning for the task about chairs for the band concert, presented in figure 10,
Mr. Harris creates a list of key indicators to notice in his students’ work. Specifically, he
plans to look for strategies that decompose groups or use the distributive property. He also
plans to listen to learn whether students are precise in using concept-based language in
discussing their reasoning, such as breaking apart and putting together groups.
The gathering of evidence should neither be left to chance nor occur sporadically. Preparation of each lesson needs to include intentional and systematic plans to elicit evidence that
will provide “a constant stream of information about how student learning is evolving toward
the desired goal” (Heritage 2008, p. 6). Waiting until the quiz on Friday or the unit test to
find out whether students are making adequate progress is too late. Rather, it is important
to identify and address potential learning gaps and misconceptions when it matters most to
students, which is during instruction, before errors or faulty reasoning becomes consolidated
and more difficult to remediate.

#"$,
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Teachers can identify strategic points in each lesson and then plan ways to “check in” on
student thinking. One approach is to use high-level tasks to reveal students’ thinking and
reasoning. For example, tasks that require students to explain, represent, and justify mathematical understanding and skills provide stronger evidence of their understanding for
ongoing assessment and instructional decisions. Another approach is to carefully construct
key questions, prior to teaching, to draw out specific understandings, conceptual gaps, or
common errors, with the goal of making them visible and accessible for examination and
discussion (Bray 2013; Swan 2001; Schifter 2001). For example, in the “focusing” pattern of
questions that figure 16 shows for the Coin Circulation task, the teacher asked, “Would I be
correct if I said a fifty-cent piece would probably be no more than 19 years old?” The teacher
has prepared this question to elicit students’ understanding of the relationship between random samples and generalizability. The teacher might have also elicited useful evidence from
more students by having them turn and talk with a partner about the question prior to the
whole-class discussion or having all the students respond to it in writing and handing in their
responses for further analysis after the lesson.
Finally, teachers must consider how to interpret and respond to what students say, draw,
build, or write, as well as attend to the absence of specific evidence. Jacobs and Ambrose
(2008) provide several suggestions for ways that teachers might respond to student thinking.
For example, to support students, teachers can ask students to restate a problem in their own
words, change the problem to use easier numbers, or, when students are unsuccessful with a
specific strategy, remind them of other strategies or tools that they have used in the past. To
extend student thinking, teachers can have students compare and contrast strategies, try a
more advanced strategy to solve the same problem, or solve similar problems with numbers
strategically selected to promote more sophisticated strategies. Although there is no single
best way to respond to student thinking, the response that the teacher gives should be intended to help students deepen their conceptual understanding while moving them forward,
toward procedural fluency and advanced mathematical reasoning.

Illustration
Figure 22 illustrates ways in which how Ms. Lewis, a first-grade teacher, elicits and uses
evidence of student thinking. Having noticed that some students seem unsure of the meaning of the equal sign as a symbol of equality, Ms. Lewis wonders whether this uncertainty
might be prevalent among her other students as well. Her learning goal for the lesson that the
figure shows is to help her students understand more clearly that the equal sign indicates that
quantities or expressions “have the same value.” Ms. Lewis observes her students’ different
solutions and strategies in their work and probes some of the students’ thinking to learn more
about their reasoning, and she uses this information to make adjustments to her instruction.
Consider how Ms. Lewis uses the evidence of her students’ thinking throughout the lesson
to adjust her instruction in ways that support students in engaging in mathematical discourse
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about equality and the meaning of the equal sign. In particular, notice how Gabe’s thinking
about the “number of the day” routine influences both the decisions of the teacher and the
reasoning of the students. Then note how Ms. Lewis uses a writing prompt to gather further
evidence on what each student understands by the end of the lesson.

Ms. Lewis begins the lesson by asking all the students to work on their own to solve the
problem 8 + 4 = ☐ + 7. As the students work, she takes note of the different solutions
and strategies in their work and probes some of the students’ thinking to learn more
about their reasoning.
Ms. Lewis notices several different answers, including 12, 5, 19, 11, and 6, so she asks the
students to find someone in the class with an answer that is different from their own and
compare and discuss their solutions. The conversation is lively as students wonder how
there can possibly be so many different answers and whether any of them is even correct.
Some students even change their answers as a result of their conversations.
After a few minutes, Ms. Lewis asks the students to bring their papers to the rug so that
they can discuss the work as a class. Ms. Lewis asks Maddie to share her work first (shown
below on the left). Maddie explains that she didn’t know what to do with the 7. The class
affirms that the sum of 8 and 4 is 12, and they agree that this fact seems to be an important thing to know in solving the problem.
Gabe presents his work next (shown below on the right). He explains that he thought the
total had to be the same on both sides of the equal sign, so he used his drawing to figure
out that 5 will make both sides total 12. Ms. Lewis asks him to explain why he thought it
might be true that both sides have to have the same total. He said that he thought about
how they sometimes write equations that only have one number on the left, like 5 = 2 +
3, or when they write the “number of the day” in different ways without using an equal
sign at all. The teacher asks the other students to comment on these ideas. Alex adds
that they write the number of the day in different ways to name that number, and he
suggests that this case might be something like that. Ms. Lewis asks all the students to
turn and talk with a partner about how this task might relate to their previous work when
12 was the number of the day.

Maddie’s work		

Gabe’s work

Fig. 22. Ms. Lewis’s eliciting and use of student thinking on
the meaning of the equal sign
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After some more whole-class discussion, Ms. Lewis asks all the students to return to their
seats and take out a piece of paper. She asks them to make up a similar problem on their
own and use it to complete this sentence starter, “The equal sign means that ________ .”
The students find partners to review their work, then they make revisions to it, and finally
the teacher collects the work to analyze it further and consider her next instructional
steps.

Fig. 22. Continued

Teacher and student actions
Effective teaching involves finding the mathematics in students’ comments and actions,
considering what students appear to know in light of the intended learning goals and progression, and determining how to give the best response and support to students on the basis of
their current understandings. Teachers also use the evidence gathered after the instructional
session to reflect on the lesson and student progress and then identify next steps in planning
future lessons and designing interventions. The actions in the table below summarize what
teachers and students are doing in mathematics classrooms that use evidence of student
thinking to assess, support, and extend learning.

Elicit and use evidence of student thinking
Teacher and student actions
What are teachers doing?

What are students doing?

Identifying what counts as evidence of student progress toward mathematics learning
goals.

Revealing their mathematical understanding, reasoning, and methods in
written work and classroom discourse.

Eliciting and gathering evidence of student
understanding at strategic points during
instruction.

Reflecting on mistakes and misconceptions to improve their mathematical
understanding.

Interpreting student thinking to assess
mathematical understanding, reasoning,
and methods.

Asking questions, responding to, and
giving suggestions to support the
learning of their classmates.

Making in-the-moment decisions on how
to respond to students with questions and
prompts that probe, scaffold, and extend.

Assessing and monitoring their own
progress toward mathematics learning
goals and identifying areas in which they
need to improve.

Reflecting on evidence of student learning
to inform the planning of next instructional
steps.
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Moving to action
Although the important work of teaching is not limited to the eight Mathematics Teaching
Practices discussed in this chapter, this core set of research-informed practices is offered as
a framework for strengthening the teaching and learning of mathematics. The next steps involve educators in collectively and collaboratively supporting one another in moving toward
improved instruction through the lens of these core teaching practices. Effective teaching
of mathematics begins with teachers clarifying and understanding the mathematics that
students need to learn and how it develops along learning progressions. The establishment
of clear goals supports the selection of tasks that promote reasoning and problem solving
while developing conceptual understanding and procedural fluency. With effective teaching,
the classroom is rich in mathematical discourse among students in using and making connections among mathematical representations as they compare and analyze varied solution
strategies. The teacher carefully facilitates this discourse with purposeful questioning.
Teachers acknowledge the value of productive struggle in learning mathematics, and they
support students in developing a disposition to persevere in solving problems. They guide
their teaching and learning interactions by evidence of student thinking so that they can
assess and advance student reasoning and sense making about important mathematical ideas
and relationships.
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Essential Elements

T

he Mathematics Teaching Practices described and illustrated in the previous section
support effective learning for all students. However, although such teaching and
learning form the nonnegotiable core of successful mathematics programs, they are
part of a system of essential elements of excellent mathematics programs. Consistent
implementation of effective teaching and learning of mathematics, as previously described
in the eight Mathematics Teaching Practices, are possible only when school mathematics
programs have in place—

•
•
•
•
•

a commitment to access and equity;
a powerful curriculum;
appropriate tools and technology;
meaningful and aligned assessment; and
a culture of professionalism.

This section describes and illustrates each of these five essential elements of effective school
mathematics programs.

Access and Equity
An excellent mathematics program requires that all students have access to a highquality mathematics curriculum, effective teaching and learning, high expectations,
and the support and resources needed to maximize their learning potential.
Equity does not mean that every student should receive identical instruction; instead, it
demands that reasonable and appropriate accommodations be made as needed to promote
access and attainment for all students. (NCTM 2000, p. 12)
Often, inequalities in achievement are perceived as the result of a hierarchy of competence.
When the very students who have been given more opportunities to learn show higher
achievement than students provided fewer opportunities to learn, they are perceived as
more capable or having more aptitude. This manner of talking about achievement gaps
without mentioning opportunity gaps that cause them invites a focus on deficit models to
“explain” low performance in terms of factors such as cultural differences, poverty, low
levels of parental education, and so on. (Flores 2007, p. 40)
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Access and equity in mathematics at the school and classroom levels rest on beliefs and practices that empower all students to participate meaningfully in learning mathematics and to
achieve outcomes in mathematics that are not predicted by or correlated with student characteristics. These outcomes include performance on mathematics assessments, disposition toward
mathematics, persistence in mathematics coursework, and the ability to use mathematics in
authentic contexts (Gutiérrez 2002). Support for access and equity requires, but is not limited
to, high expectations, access to high-quality mathematics curriculum and instruction, adequate
time for students to learn, appropriate emphasis on differentiated processes that broaden students’ productive engagement with mathematics, and human and material resources.
Equity in school mathematics outcomes is often conflated with equality of inputs. Providing
all students the same curricular materials, the same methods of teaching, the same amount of
instructional time, and the same school-based supports for learning is different from ensuring that all students, regardless of background characteristics, have the same likelihood of
achieving meaningful outcomes (Gutiérrez 2013).
Our vision of access and equity requires being responsive to students’ backgrounds, experiences and knowledge when designing, implementing, and assessing the effectiveness of a
mathematics program. Acknowledging and addressing factors that contribute to differential outcomes among groups of students is critical to ensure that all students routinely have
opportunities to experience high-quality mathematics instruction, learn challenging mathematics content, and receive the support necessary to be successful. Our vision of equity and
access includes both ensuring that all students attain mathematics proficiency and increasing
the numbers of students from all racial, ethnic, gender, and socioeconomic groups who attain
the highest levels of mathematics achievement.
Attending to access and equity also means recognizing that mathematics programs that have
served some groups of students, in effect privileging some students over others, must be critically examined and enhanced, if needed, to ensure that they meet the needs of all students.
That is, they must serve students who are black, Latino/a, American Indian, or members of
other minorities, as well as those who are considered to be white; students who are female as
well as those who are male; students of poverty as well as those of wealth; students who are
English language learners as well as those for whom English is their first language; students
who have not been successful in school and in mathematics as well as those who have succeeded; and students whose parents have had limited access to educational opportunities as
well as those whose parents have had ample educational opportunities. Moreover, attending to
access and equity means recognizing that inequitable learning opportunities can exist in any
setting, diverse or homogenous, whenever only some, but not all, teachers implement rigorous
curricula or use the Mathematics Teaching Practices described earlier.
Abundant research has documented the significant outcomes that are possible when schools
and teachers systematically address obstacles to success in mathematics for students from
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historically underserved populations (Boaler 1997, 2006; Boaler and Staples 2008;
Campbell 1996; Cross et al. 2012; Gutiérrez 2000; Kisker et. al. 2012; Knapp et al. 1995;
Lipka et al. 2007; McKenzie et al. 2011). The question is not whether all students can succeed
in mathematics but whether the adults organizing mathematics learning opportunities can
alter traditional beliefs and practices to promote success for all.

Obstacles
A range of obstacles exists to making significant progress in achieving the Access and Equity
Principle. One of these involves the quality of instruction available to students. Researchers have consistently found that students living in poverty, whether urban or rural, as well
as students who have struggled to learn mathematics, are more likely to have teachers who
have weaker mathematics backgrounds, less professional experience, and certification outside of rather than in mathematics, and who are perceived to be less effective (Battey 2013;
Darling-Hammond 2007; Flores 2007; Stiff, Johnson, and Akos 2011). Moreover, in instruction for these students, the Mathematics Teaching Practices described previously are rarely
implemented consistently to support meaningful learning. Instead, lessons commonly focus
primarily on rote skills and procedures, with scant attention to meaningful mathematics
learning (Ellis 2008; Ellis and Berry 2005).
Another obstacle to access and equity involves differential opportunities to learn highquality grade-level mathematics content and to be held to high expectations for mathematics
achievement (Jackson et al. 2013; Phelps et al. 2012; Walker 2003). This often occurs as a
result of tracking, or separating students academically on the basis of presumed ability—an
unquestioned or commonly tolerated policy that is found in over 85 percent of U.S. schools
and limits participation and achievement for students (Biafora and Ansalone 2008). Tracking
consigns some students to mathematical content that offers little significant mathematical
substance (Burris et al. 2008). While some students are expected to engage in a variety
of mathematics topics through multiple teaching and learning strategies, students in low
tracks are often confronted with a narrow and fragmented mathematics curriculum, delivered with a limited set of teaching and learning strategies (Ellis 2008; Tate and Rousseau
2002). Too often, because of the unproductive beliefs described below, the capacities of socalled low-track students are underestimated, leading to these students receiving fewer opportunities to learn challenging mathematics. Low-track students encounter a vicious cycle of low
expectations: Because little is expected of them, they exert little effort, their halfhearted efforts
reinforce low expectations, and the result is low achievement (Gamoran 2011).
Advocates of tracking argue that it assists mathematics teaching and learning by matching
students’ ability levels to an appropriate curriculum (Schmidt, Cogan, and Houang 2011). The
assumption that underlies this belief is that creating different tracks is an effective strategy to
accommodate differences in students’ needs. The belief is that tracking eases the challenges
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of teaching by narrowing the range of student differences so that instructional practices can
be targeted to a narrower set of student needs. Implicit in this belief is the idea that students
in low-level and high-level tracks would receive few, if any, benefits from being in the same
learning environment.
Although some research supports grouping gifted and talented students in homogeneous
groups to maximize their learning (Delcourt et al. 1994), research also shows that the learning of students assigned to lower-ability groups is depressed, regardless of their ability levels
(Stiff, Johnson, and Akos 2011). In addition, once students are placed in low-level or “slow”
math groups, they are very likely to remain in those groups until they leave school (Boaler
2008; Ellis 2008). When middle-level students thought to be “at risk” in mathematics are
placed in grade-level mathematics courses and provided the support necessary to be successful in those courses, their achievement gains are greater, and they are more likely to enroll in
upper-level math courses in the following years, than when they are placed in lower-ability
math courses (Boaler and Staples 2008; Burris, Heubert, and Levin 2006). Further, evidence
suggests that high-achieving students in heterogeneous classes are not statistically different
from homogeneously tracked students in achievement and participation in Advanced Placement (AP) mathematics courses (Burris, Heubert, and Levin 2006; Staples 2008).
Eliminating low-level tracks does not mean eliminating Advanced Placement or more rigorous high school courses. An effective mathematics program supports and challenges students
who have demonstrated strong interest and achievement in mathematics as well as those who
have not. However, offering two levels of high school courses, both featuring high-quality
curriculum and instruction, is very different from the typical practice of offering multiple
levels of the same course (e.g., Algebra 1, Applied Algebra, Algebra 1 Honors, Introductory
Algebra, First-Year Fundamental Algebra) with different curricula and expectations
(Schmidt, Cogan, and McKnight, 2010). Further, when mathematics programs offer advanced
courses, they must ensure that pathways to the highest-level courses exist for all students,
along with the support to encourage their participation and success.
Even more disturbing is the lack of self-confidence that far too many students develop and
that leads them to view mathematics as something that is far beyond their grasp and that
they can never hope to understand. They see mathematics as being within the reach of only
a few exceptional “mathematical geniuses.” Parents may unwittingly reinforce this notion by
excusing low performance by their children as genetic destiny (saying, for example, “I was
never any good at math, either”). Furthermore, educators may reinforce this misconception
by sorting students by ability, believing that some can “do math” and others cannot.
These obstacles are seldom, if ever, erected purposely to limit the participation or achievement of groups of students. Rather, they emerge in part from a set of beliefs, summarized
in the table below, which must be acknowledged and discussed openly. It is important to
note that these beliefs should not be viewed as good or bad, but rather as productive when
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they lead to change and promote equity or unproductive when they limit student access to
important mathematics content and practices. Until unproductive beliefs are confronted, it is
unlikely that the goal of mathematical success for all students will be achieved.
The following table compares some unproductive and productive beliefs that influence the
access that students have to effective instruction, high-quality curriculum, and differentiated
learning supports.

Beliefs about access and equity in mathematics
Unproductive beliefs

Productive beliefs

Students possess different innate levels of
ability in mathematics, and these cannot be changed by instruction. Certain
groups or individuals have it while others
do not.

Mathematics ability is a function of opportunity, experience, and effort—not of
innate intelligence. Mathematics teaching
and learning cultivate mathematics abilities. All students are capable of participating and achieving in mathematics,
and all deserve support to achieve at the
highest levels.

Equity is the same as equality. All students need to receive the same learning
opportunities so that they can achieve the
same academic outcomes.

Equity is attained when students receive
the differentiated supports (e.g., time,
instruction, curricular materials, programs)
necessary to ensure that all students are
mathematically successful.

Equity is only an issue for schools with
racial and ethnic diversity or significant
numbers of low-income students.

Equity—ensuring that all students have
access to high-quality curriculum, instruction, and the supports that they need to
be successful—applies to all settings.

Students who are not fluent in the English
language are less able to learn mathematics and therefore must be in a separate
track for English language learners (ELLs ).

Students who are not fluent in English
can learn the language of mathematics
at grade level or beyond at the same
time that they are learning English when
appropriate instructional strategies are
used.

Mathematics learning is independent of
students’ culture, conditions, and language, and teachers do not need to consider any of these factors to be effective.

Effective mathematics instruction leverages students’ culture, conditions, and
language to support and enhance mathematics learning.

Students living in poverty lack the cognitive, emotional, and behavioral characteristics to participate and achieve in
mathematics.

Effective teaching practices (e.g., engaging students with challenging tasks,
discourse, and open-ended problem solving) have the potential to open up greater
opportunities for higher-order thinking
and for raising the mathematics achievement of all students, including poor and
low-income students.
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Beliefs about access and equity in mathematics, continued
Unproductive beliefs

Productive beliefs

Tracking promotes students’ achievement
by allowing students to be placed in
“homogeneous” classes and groups
where they can make the greatest
learning gains.

The practice of isolating low-achieving
students in low-level or slower-paced
mathematics groups should be
eliminated.

Only high-achieving or gifted students
can reason about, make sense of, and
persevere in solving challenging
mathematics problems.

All students are capable of making sense
of and persevering in solving challenging
mathematics problems and should be
expected to do so. Many more students,
regardless of gender, ethnicity, and
socioeconomic status, need to be given
the support, confidence, and opportunities to reach much higher levels of mathematical success and interest.

Overcoming the obstacles
Achieving equity with respect to student learning outcomes will require that educators at all
levels operate with the belief that all students can learn. Closing existing learning gaps requires ensuring that all students have access to high-quality instruction, a challenging curriculum, exciting extracurricular opportunities, and the differentiated supports and enrichment
that are necessary to promote student success at continually increasing levels.

Beliefs and expectations
To ensure that all students have access to an equitable mathematics program, educators need
to identify, acknowledge, and discuss the mindsets and beliefs that they have about students’
abilities. Fixed mindsets (i.e., the attitude that levels of mathematics ability are fixed and
cannot be changed), when coupled with societal stereotypes about academic ability that
are based on student characteristics, perpetuate the unproductive practices described above
(Dweck 2008). In contrast, a growth mindset, which emphasizes mathematics teaching and
learning as processes that cultivate mathematical abilities, stresses that success and learning
are a reflection of effort and not intelligence alone, and thus promotes a belief that all students are capable of participating and achieving in mathematics (Boaler 2011; Dweck 2006).
Believing in, and acting on, growth mindsets versus fixed mindsets can make an enormous
difference in what students accomplish. Setting and acting on high expectations and a
genuine belief that student effort and effective instruction outweigh “smarts” and circumstances increase students’ opportunities to learn. Teachers with fixed mindsets can unfairly justify differential allocation of resources and opportunities on the basis of students’
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prior academic achievement, abilities, or interests. Research has found that a fixed mindset
is strongly correlated with socioeconomic background, contributes to widening opportunity gaps, and reinforces inequities (Dweck 2008; Gamoran 2010). To address this obstacle,
teachers should promote and display a growth mindset at all times. A growth mindset values
all students’ thinking and uses pedagogical practices such as differentiated tasks, mixedability groupings, and public praise for contributions and perseverance to cultivate mathematical participation and achievement (Boaler 2011).
Promoting student engagement (by, e.g., selecting challenging tasks, exerting intense effort
and concentration in the implementation of tasks), framing mathematics within the growth
mindset, acknowledging student contributions, and attending to culture and language play
substantial roles in equalizing mathematics gains between poor and non-poor students
(Battey 2013; Cross et al. 2012; Kisker et al. 2012; Robinson 2013). Furthermore, increasing
access of poor and low-income students to teaching that effectively enacts the Mathematics
Teaching Practices described earlier has the potential to open up greater opportunities for
higher-order thinking and for raising the intellectual quality of student cognition (Boaler and
Staples 2008; Burris et al. 2008; Lubienski 2007).
With a systemic commitment to all students and expectations that all students can meet or
exceed grade-level standards for mathematics, educators can more easily move away from
past practices, such as tracking that separated students, and instead develop productive
practices that support learning for all.

Curriculum and instruction
When differences in ability, background, and interest arise, as they always will, more effective instruction and differentiated supports can overcome the obstacles discussed above. Policies that boost and supplement learning, provide additional time, and give students access to
a rigorous curriculum and teachers who implement a range of approaches and resources are
far more likely to raise achievement than policies that relegate students who have traditionally underperformed to dead-end tracks with an unchallenging curriculum.
Persistent and unacceptable gaps narrow and ultimately disappear when all students have
access to rigorous, high-quality mathematics, taught by teachers who not only understand
mathematics but also understand and appreciate learners’ social and cultural contexts in
meaningful ways. Effective teachers draw on community resources to understand how they can
use contexts, culture, conditions, and language to support mathematics teaching and learning
(Berry and Ellis 2013; Cross et al. 2012; Kisker et al. 2012; Moschkovich 1999, 2011; Planas and
Civil 2013). As a result, learning mathematics becomes a part of a student’s sense of identity,
leading to increased engagement and motivation in mathematics (Aguirre, Mayfield-Ingram,
and Martin 2013; Boaler 1997; Hogan 2008; Middleton and Jansen 2011).
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Classroom environments that foster a sense of community that allows students to express their
mathematical ideas—together with norms that expect students to communicate their mathematical thinking to their peers and teacher, both orally and in writing, using the language of
mathematics—positively affect participation and engagement among all students (Horn 2012;
Webel 2010). All students, including ELLs, can learn mathematics content at the same time
that they are learning the academic language of mathematics, both in English and in symbols
(Razfar, Khisty, and Chval 2011). The language of mathematics provides an opportunity for
many students, including ELLs, to show their prior preparation and to help one another in the
language that they have in common—the language of mathematics (Moschkovich 1999, 2011).
Furthermore, a focus on the mathematical practices outlined in CCSSM can benefit students
at all levels by engaging them in doing mathematics in ways that make sense to them. Rather
than imposing a standard algorithm or a set solution strategy, students can devise their own
strategies that are more meaningful to them, easier to remember, or culturally familiar
(Carpenter et al. 1989). Particularly useful in this endeavor are problems that have multiple
entry points and allow for the use of a broad range of strategies or approaches. More advanced students can extend their thinking as they work with problems with multiple entry
points, while less advanced students, including students with disabilities, have opportunities to continue to develop basic understandings that they need to move forward (Dieker
et al. 2011). Moreover, problems that students can enter and reason about at multiple levels
can accommodate a range of learning styles and cultural backgrounds.

Interventions and support personnel
Supporting the success of all students requires having an effective intervention program in
place to address learning difficulties as soon as they occur. Although specific program design
features will vary by level and other factors, effective intervention programs should—

•
•

be mandatory, not optional (i.e., scheduled during the school day whenever possible);

•
•

attend to conceptual understanding as well as procedural fluency; and

be based on constant monitoring of students’ progress, as determined from the
results of formative and summative assessment, ensuring that students get support as
quickly as possible;
allow for flexible movement in and out of the intervention as students need it
(Kanold and Larson 2012).

One option is to provide such intervention during regular mathematics instructional time. For
example, elementary teachers of the same grade may decide to schedule their ninety-minute
math block at the same time so that they can use the first twenty minutes of each period for
mathematics intervention—with students regrouped across classes according to their learning needs and then returning to their heterogeneous class for the regular mathematics lesson.
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Another option is to allocate additional time outside the grade-level mathematics course
during which students with learning gaps can receive specific, targeted support (Burris et al.
2008; Rubin and Noguera 2004). These additional learning opportunities should enable these
students to explore math on a deep, intriguing, innovative level. These sessions might be
offered during a “double-dose” math time as well as outside the regular school day. In addition to regular curricular support, engaging co-curricular and extracurricular opportunities,
such as mathematics clubs, circles, and competitions, as well as access to mentors, can help
students achieve the highest levels of mathematical passion, creativity, and expertise, regardless of gender, ethnicity, or socioeconomic status. These resources should enable students not
only to see beyond math simply as a school subject, but also to appreciate the beauty, wonder,
utility, and vitality of mathematics at a deep level, helping them to incorporate it into their
future high-level decision making.
Another strategy for promoting equitable, full access to opportunities to learn mathematics
is the deployment of instructional support personnel (for example, mathematics resource
teachers, intervention teachers, or gifted specialists) who can provide specialized support
services to schools and teachers or can work directly with students who are either underperforming or exceeding grade-level standards of proficiency or who display curiosity and
desire for learning additional mathematics. Schools serving learners in diverse contexts
with diverse learning needs can use the assistance of school-based mathematics coaches
and specialists to enhance teachers’ abilities and capacities to meet individual students’
learning needs, improve instruction, and monitor students’ progress. Mathematics coaches
and specialists can positively influence teachers’ beliefs about mathematics teaching and
learning and increase teachers’ participation in non-coaching professional activities, such as
attending mathematics-focused grade-level meetings, observing peers’ teaching, or attending schoolwide mathematics workshops (Campbell and Malkus 2011).

Illustration
The following example illustrates an intervention at the high school level to ensure that all
students continue to move forward, learning challenging, high-level mathematics:
Teachers and administrators at a high school in a mid-Atlantic state became aware that
a significant number of ninth graders were not succeeding in Algebra 1. To deal with
this concern, the mathematics teachers and the school administrators began meeting
regularly to brainstorm about ways to address this inequity. In reviewing the records
of these students, they found that the correlation between the students’ achievement on
the eighth-grade state assessment and their performance in Algebra 1 in ninth grade
was extremely high. The teachers concluded that many of these students were likely
to have gaps in their knowledge that prevented them from achieving to their fullest
potential when they took Algebra 1.
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To address this problem, the school designed a new course, Algebra Seminar, for
approximately 20 percent of its ninth-grade students—primarily those scoring at a
“basic” or “below basic” level on the eighth-grade assessment and therefore deemed
unlikely to pass the Algebra 1 end-of-course exam if they enrolled in a typical oneperiod Algebra 1 class. To ensure that the students in this course would receive the
appropriate levels of support, the principal agreed to schedule common planning time
for Algebra Seminar teachers so that they could collaboratively design the course, plan
lessons, and enhance pedagogical practices.
Multiple design features of the new Algebra Seminar course make it an effective intervention
that meets the vision of the Access and Equity Principle. The new course—

•

teaches Algebra 1 course content along with critical prerequisite content, with a
“just-in-time” approach to prerequisite content;

•

is team-taught by a mathematics teacher and a special education teacher to ensure
that the special needs students who are mainstreamed into the class receive the
additional support that they need to succeed;

•
•

is systematically planned as a back-to-back double period (ninety minutes a day);

•
•
•

is enriched by focused professional development for the teachers;

•

incorporates a wide variety of highly effective instructional practices that reflect the
Mathematics Teaching Practices; and

•

draws on online lesson plans and other resources that teachers use to initiate their
planning.

is capped at eighteen students, so that teachers have the opportunity to address
individual students’ needs;
uses a broad array of print and non-print, and basal and supplemental, resources;
engages students and enhances instruction with a variety of tools and technology,
including interactive whiteboards, graphing calculators, tablet computers, response
clickers, and a range of manipulative materials;

As a result of this comprehensive and well-designed intervention, Algebra Seminar students
consistently catch up and perform as well as the single-period Algebra 1 students on the
end-of-course Algebra 1 exam and are prepared to enroll in a regular geometry course the
following year.

Moving to action
To provide access and equity, teachers go beyond “good teaching,” to teaching that ensures
that all students have opportunities to engage successfully in the mathematics classroom and
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learn challenging mathematics. Making this Principle a reality requires all stakeholders to
monitor the extent to which all students have access to a challenging mathematics curriculum, taught by skilled and effective teachers who know and understand the cultures and
communities from which their students come and who also use this knowledge to create
meaningful tasks that build on students’ prior knowledge and experiences. These teachers
also monitor student progress and make needed accommodations. To do this effectively,
they work collaboratively with colleagues, including teachers of special education, gifted
education, and English language learners, as well as families and community members, to
ensure that all students have the support that they need to maximize their success in the
mathematics classroom. Further, teachers need to collaborate with one another to implement
the Mathematics Teaching Practices outlined earlier and promote a growth mindset in their
classrooms and school.
Finally, district and school policies must be reviewed to ensure that systemic practices
are not disadvantaging particular groups or subgroups of students on the basis of societal
stereotypes. This analysis should include a review of tracking, student placement, opportunities for both remediation and enrichment, and student outcomes, including persistence in
the mathematics pipeline.
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Curriculum
An excellent mathematics program includes a curriculum that develops important
mathematics along coherent learning progressions and develops connections among
areas of mathematical study and between mathematics and the real world.

What is meant by curriculum? In many cases, educators and community members use the
terms curriculum and textbooks interchangeably, just as many often collapse the distinction
between standards and curriculum. Standards are statements of what students are expected
to learn. Standards are the ends. A curriculum is the program used to help students meet the
standards, including instructional materials, activities, tasks, units, lessons, and assessments.
The curriculum is the means.
Standards should be designed with intended learning progressions (or trajectories) across
the pre-K–12 spectrum and beyond. The design of a curriculum implies a “sequence of
thoughts, ways of reasoning, and strategies that a student employs when learning a topic”
(Battista 2011). For example, in CCSSM, mathematical ideas build developmentally year by
year on what came before, with students making connections to prior topics while laying a
foundation for future learning (Daro, Mosher, and Corcoran 2011). Consequently, curricula
based on CCSSM should be designed so that students and teachers can make mathematical
connections across content topics that capitalize on CCSSM’s underlying structure, so that,
for example, students can appreciate the use of a geometric model when exploring a number
pattern or the use of ratios when analyzing a probability problem. The broad view of learning
progressions in any set of college- and career-ready standards must guide both the work of
schools and districts in developing curricular frameworks and other instructional resources
and the efforts of developers of textbooks and other instructional materials.
Mathematics curricula can be characterized from both a horizontal and a vertical perspective. From a horizontal perspective, teachers need an in-depth understanding of the mathematics and materials that they use to teach a particular course or grade level. From this
perspective, fourth-grade teachers need a deep understanding of all the content to be addressed that year, the concepts and skills that need to be taught, how the topics connect with
one another, how the mathematics content is sequenced, how much time might be needed for
each topic, what tools (such as textbooks, materials, and technology) are available to support
the content, and how to assess student understanding of the fourth-grade content standards.
From a vertical perspective, fourth-grade teachers need to understand what the students
have learned in the past, how this year’s curriculum builds on students’ prior knowledge and
experiences, and how the mathematics content that is studied this year will lay the foundation
for topics that students will explore in fifth grade and beyond. A vertical understanding of
the curriculum helps teachers engage in dialogue with colleagues who teach in grade levels
below or above their own grade level (or with colleagues who teach the previous or the next
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course in a high school sequence) so that they can examine strengths and weaknesses of the
overall program to prioritize the needs of students.

Obstacles
Content included in textbooks influences what is taught and emphasized by teachers in
the classroom (Schmidt, Houang, and Cohen 2002; Tarr et al. 2006). Some textbooks are
effectively organized to focus on big mathematical ideas, such as those outlined in CCSSM
and state or provincial standards, and to emphasize connections among topics. Unfortunately, others are less effectively organized, and schools often place too much emphasis on
adhering to the content and sequence of such materials. Moreover, some teachers’ lack of deep
understanding of the content that they are expected to teach may inhibit their ability to teach
meaningful, effective, and connected lesson sequences, regardless of the materials that they
have available.
Grade-level mathematics content standards are too often treated as checklists of topics.
When they are regarded in this light, mathematics content becomes nothing more than a set
of isolated skills, often without a mathematical or real-world context and disconnected from
related topics. A typical traditional high school mathematics course sequence that spends
a year on algebra, a year on geometry, and another year on algebra frequently focuses on
covering a list of topics rather than on presenting a coherent program that “uncovers” those
topics, establishing connections among them throughout the three years. Similar effects can
be seen in other grades when the school year is organized into disjointed units addressing
different domains of mathematics.
Even with the best curriculum model, lesson planning in some classrooms is conducted
on a day-to-day basis, blindly sequenced by sections in a textbook, with little attention to
the broader curriculum, contextual applications of the mathematics, or progressions of the
topics and how they fit together. Furthermore, curriculum maps and pacing guides often
dictate the topic, and sometimes even the page number of a book, to be addressed on each
day of the school year, without regard for differences among students and classes. Teachers
using pacing guides tend to feel rushed and, as a result, they often omit rich and challenging
problem-solving tasks that are essential for developing deeper mathematical understanding
(David and Greene 2007).
The table on the next page compares some unproductive and productive beliefs that influence
the implementation of an effective curriculum. It is important to note that these beliefs should
not be viewed as good or bad, but rather as productive when they support effective teaching
and learning or unproductive when they limit student access to important mathematics content
and practices.
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Beliefs about the mathematics curriculum
Unproductive beliefs

Productive beliefs

The content and sequence of topics in a
textbook always define the curriculum.
Everything included in the textbook is
important and should always be addressed, and what is not in the book is
not important.

Standards should drive decisions about
which topics to address and which to
omit in the curriculum. How a textbook
is used depends on its quality—i.e., the
degree to which it provides coherent,
balanced instruction in content aligned
with standards and provides lessons that
consistently support implementation of
the Mathematics Teaching Practices.

Knowing the mathematics curriculum
for a particular grade level or course is
sufficient to effectively teach the content
to students.

Mathematics teachers need to have a
clear understanding of the curriculum
within and across grade levels—in other
words, student learning progressions—to
effectively teach a particular grade level
or course in the sequence.

Implementation of a pacing guide
ensures that teachers address all the
required topics and guarantees continuity
so that all students are studying the same
topics on the same days.

Curriculum maps and pacing guides attempt to ensure coverage of content but
do not guarantee that students learn the
mathematics. Adequate time to provide
for meaningful learning, differentiation,
and interventions must be provided for
students to develop deep understanding
of the content.

Mathematics is a static, unchanging field.

Mathematics is a dynamic field that is ever
changing. Emphases in the curriculum are
evolving, and it is important to embrace
and adapt to appropriate changes.

The availability of open-source mathematics curricula means that every teacher
should design his or her own curriculum
and textbook.

Open-source curricula are resources to
be examined collaboratively and used
to support the established learning
progressions of a coherent and effective
mathematics program.

Overcoming the obstacles
A mathematics curriculum is more than a collection of activities; instead it is a coherent
sequencing of core mathematical ideas that are well articulated within and across grades and
courses. Such curricula pose problems that promote conceptual understanding, problem solving, and reasoning and are drawn from contexts in everyday life and other subjects.
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Designing standards and curriculum
In light of the sheer quantity of mathematics that could be addressed in any grade or course,
it is important to make careful choices about what specific mathematics to include. Those
designing curriculum standards and related documents need to carefully consider whether
topics remain in the curriculum because of tradition, or, more important, whether they are
necessary in promoting students’ readiness for college, careers, and life. Some topics may
warrant increased attention, given their prevalence in students’ future use of mathematics
in postsecondary study or the workplace. For example, as NCTM argued in Focus in High
School Mathematics (2009), statistics is increasingly recognized as essential for students’
success in dealing with the requirements of citizenship, employment, and continuing education (Franklin et al. 2007; College Board 2006; American Diploma Project 2004). Likewise,
discrete mathematics, algorithmic thinking, and mathematical modeling may warrant additional attention, given their importance in computer science and related fields. Mathematical
curricula also need to reflect changing emphases within the field of mathematics. As the
report Mathematical Sciences in 2025 (National Research Council 2013a, p. 2) states,
Mathematical sciences work is becoming an increasingly integral and essential component
of a growing array of areas of investigation in biology, medicine, social sciences, business,
advanced design, climate, finance, advanced materials, and many more. This work involves
the integration of mathematics, statistics, and computation in the broadest sense and the
interplay of these areas with areas of potential application.

Finally, curriculum design needs to take into consideration the amount of new content to be
introduced in a particular grade or course so that sufficient time will be available to teach
concepts and procedures, using the Mathematics Teaching Practices. That is, sufficient time
is needed to—

•

engage students in tasks that promote problem solving and reasoning to make sense
of new mathematical ideas;

•
•

engage students in meaningful mathematical discussions; and
build fluency with procedures on a foundation of conceptual understanding.

One of the positive features of CCSSM is its focus and coherence in grades K–8 and the
delay of expected fluency in standard computational algorithms. These features provide
instructional time for students to build conceptual understanding and proficiency in the
mathematical practices and to develop fluency in standard computational algorithms that is
based on their understanding of properties, operations, and the base-ten number system.

Implementation of curriculum
Teachers who are well prepared in their knowledge of mathematics, students’ thinking, and
the school’s curriculum are positioned to appreciate how mathematical thinking develops
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over time and are equipped to help students connect topics to strengthen understanding (Ball,
Thames, and Phelps 2008). Also, when teachers recognize the importance of developing
students’ proficiency with the mathematical practices, they can more effectively select and
implement appropriate tasks that emphasize mathematical thinking throughout the pre-K–12
years. Instructional materials and tasks selected by schools have a significant influence on
what students learn and how they learn it (Stein, Remillard, and Smith 2007). Consequently,
teachers need high-quality professional development to maximize the effectiveness of these
materials, since even the best textbooks and resources can be misinterpreted or misused.
Given the central role of textbooks as a resource and their potential for supporting instruction, textbook selection should not be taken lightly. This process should consider not only
whether textbooks “cover” standards but also whether their development of content reflects
learning progressions focused on conceptual understanding and emphasizes the mathematical practices (Bush et al. 2011; NGA Center and CCSSO 2013). As discussed earlier, the
Mathematics Teaching Practices promote students’ conceptual understanding and proficiency
in the mathematical practices. Thus, another important selection criterion is the extent to
which a textbook’s lessons consistently support these teaching practices.
Appropriate use of textbooks—whether to teach from them lesson-by-lesson almost exclusively or whether to treat them as one resource among many—depends on the quality of
the textbook, as defined above. If a textbook develops mathematical topics in a coherent
manner, based on learning progressions, and features lessons that consistently support the
Mathematics Teaching Practices, then teaching primarily from that textbook makes sense,
and significant omissions or deviations can decrease, rather than enhance, the quality of
instruction (Banilower et al. 2006). Conversely, if a textbook does not provide such support,
then the only option is to treat it as one of many resources and supplement it as needed.
Some schools develop pacing guides to ensure that instruction addresses all the required
standards in the school year and spends an appropriate amount of time on each topic. Although these resources can help teachers with long- and short-term planning, the needs of
individual classes and students should have priority over rigid curricular schedules. Collaboration among teachers throughout the school year can result in appropriate adjustments and
adaptations of pacing guides to address student strengths and weaknesses.
Structuring units—and lessons within the units—around broad mathematical themes or approaches, rather than lists of specific skills, creates coherence that provides students with the
foundational knowledge for more robust and meaningful learning of mathematics. In particular, attention to the mathematical practices provides students with important mathematical
tools that they need to navigate mathematical situations and contexts. In planning lessons,
teachers should also consider the intended standards and the developmental needs of the students. Consequently, careful consideration should be given to appropriate ways to sequence a
series of lessons. Daily lesson plans should take into account the broader perspective of what
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students learned in the past and where they are headed in the future, as well as the contexts
that can be used to motivate students and help them understand why particular topics are
important.

High school mathematics
Efforts to achieve curricular coherence in mathematics at the high school level are particularly challenging, given the typical sequence of courses and topics, in which the study of
geometry is often isolated as a separate course and statistics is grafted onto courses in standalone units rather than naturally connected to related topics (e.g., using a visual line of best fit
to lead into a formal study of linear functions). Some schools have successfully reconfigured
their programs as integrated sequences of courses that address algebra, geometry, statistics,
probability, and discrete mathematics topics across all grade levels, allowing students to
revisit these topics at increasingly sophisticated levels and make connections among them.
Such reconfiguration requires developing mathematical reasoning and helping students see
how, for example, a probability problem can be solved by use of a geometric model, or how
geometric transformations of shapes can be performed through the use of matrices in algebra.
All high schools should reevaluate their mathematics programs to determine whether the current sequence of courses is preparing students for the demands of a workplace that will require more than the mastery of isolated mathematics skills. Such a reevaluation might require
that teachers know “how and why mathematical models are derived,” how to “create their
own models,” and how to “think about the relationship between the models and the mathematics that is integrated” (Keck and Lott 2003, p. 131). Efforts to build coherence across the
high school curriculum are of paramount importance.

Connecting and revising the curriculum
The mathematics curriculum should not only be coherent but also make connections from the
mathematics curriculum to other disciplines. For example, A Framework for K–12 Science
Education (National Research Council 2012) and the subsequently released Next Generation Science Standards (National Research Council 2013b) have significant importance for
mathematics. The scientific and engineering practices have a great deal in common with the
mathematical practices outlined in CCSSM, and indeed, “Using Mathematics and Computational Thinking” is listed as one of the science practices. Furthermore, mathematical concepts underlie much of science—for example, “Scale, proportion, and quantity” is listed as
one of seven crosscutting concepts.
Finally, all curriculum-related documents (national, state or provincial, and local) need to be
periodically revisited to ensure that they reflect changing priorities related to the mathematics
that students need to learn, as well as new research into effective learning progressions. Although a level of stability in such documents is necessary to allow progress toward the goals
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that they establish, specific mechanisms should also be put in place to track changes that are
needed, so that the documents can be regularly updated.

Illustration
Effective attention to curriculum involves periodic monitoring, with course revisions as
needed. Consider, for example, a high school mathematics department that engages in
professional development during the summer to revise a unit on congruence for the coming
year. This is one of the topics that the department believes that students have not learned at
the intended level in the previous two years. The teachers recognize that CCSSM includes
standards for using transformations to help students make sense of congruence and that some
of the approaches in the adopted textbook series do not adequately address these standards.
Moreover, they know that some approaches to the topic that the book includes are not necessary to address the standards. As a result of reviewing student performance, the teachers in
the department agree that they can omit two of the sections of a chapter in the book.
At one meeting, the teachers note that when the students are in middle school, they study
the idea that the translation, reflection, or rotation of a figure produces a congruent shape.
They also notice that an earlier chapter in the high school book involves the exploration of
parabolas and how the locations of the curves, as well as their shapes, are related to their
equations. They decide that rather than studying quadratic equations and parabolas early in
the year and then separating this topic from congruence, they can link the content of the two
chapters to make both topics more meaningful for their students.
As a group, the teachers agree to position transformations as the foundation of the unit. In the
students’ examination of parabolas, they will embed some review of transformations. Then,
building on this theme, they will have students investigate congruence through the lens of
transformational geometry. Although all this content is in the standards, they are able to
reorder and restructure the material in the textbook and ancillary materials to meet the needs
of the students more effectively.
When they teach the sequence of lessons that they have prepared as a team, the teachers will
continually ask students to switch the lenses that they use—from looking at a situation algebraically to exploring how it connects with the geometry that they have been studying. Once
they have an outline for accomplishing the goal and have made a tentative schedule for each
lesson, they recognize that the next step is to identify appropriate tasks that will build the
students’ conceptual understanding and mathematical reasoning. They investigate tasks that
are offered in the textbook as well as tasks from other curricular resources, such as websites,
and they map out a restructured unit that will help students make connections and achieve at
a higher level. In the coming school year, they will gather data on student success and revise
the plans as needed for the future.
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Moving to action
Making the Curriculum Principle a reality will require all stakeholders to focus on helping
students achieve challenging standards by implementing a coherent curriculum. Teachers
need to enter into dialogue with colleagues to become more familiar with the mathematical
expectations of the standards that are guiding their teaching, including discussions of how
these ideas are developed in both horizontal and vertical components of the curriculum. They
need to evaluate the extent to which curricular materials and resources align with and support meaningful student learning of the content and practices in the standards.
Meanwhile, school administrators can support the implementation of standards by promoting
meaningful professional development that assists teachers in making the most effective use
of curricular materials. Administrators should recognize that pacing guides, textbooks, and
other instructional materials can guide the planning process but should never take the place
of the teacher in determining how to meet the needs of the students in a particular class most
effectively. Finally, curriculum planners at all levels should sequence content to maximize
coherence and connections across unit topics and across grade levels and courses. To accomplish this most effectively at the high school level, educators should consider an integrated
approach as a way to help students understand mathematics as a discipline rather than as an
isolated set of courses.
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Tools and Technology
An excellent mathematics program integrates the use of mathematical tools
and technology as essential resources to help students learn and make sense
of mathematical ideas, reason mathematically, and communicate their
mathematical thinking.

For meaningful learning of mathematics, tools and technology must be indispensable features
of the classroom. Useful mathematical tools include manipulatives, such as counters, snapcubes, base-ten blocks, pattern blocks, and building blocks in the lower grades, and algebra
tiles, geoboards, protractors, compasses and straightedges, and geometric models in the upper
grades. Technology includes interactive whiteboards and a wide range of handheld, tablet,
laptop, and desktop-based devices that can be used to help students make sense of mathematics,
engage in mathematical reasoning, and communicate mathematically.
In many schools, calculators are a commonly used technology in mathematics classrooms,
ranging from those incorporating basic operations in the lower grades to more advanced
graphing calculators in the upper grades. However, the technology landscape is rapidly
changing. Mobile devices such as advanced smartphones and tablets using touch interfaces
offer much of the functionality of desktop computers, blurring the line between advanced
calculators designed specifically for mathematics and more general computing devices.
Smartphones and tablets can be used to gather data, conduct classroom polls, and run applications that perform calculations, run simulations, and promote visualization by enabling
students to play games that require problem-solving skills.
Thus, the platform of the technology is less important than the functionality that it provides.
Computers, tablets, smartphones, and advanced calculators all make available a range of
applications that support students in exploring mathematics as well as in making sense of
concepts and procedures and engaging in mathematical reasoning. Graphing applications
can allow students to examine multiple representations of functions and data by generating
graphs, tables, and symbolic expressions that are dynamically linked. Spreadsheet applications can quickly display the results of repeated calculations and generate tables of values
using a variety of graphical representations, with both of these applications allowing students
to develop insights into mathematical structures and relationships. Computer algebra systems
(CAS) can operate on algebraic statements. Interactive (dynamic) geometry applications
allow exploration of geometric conjectures—including those in coordinate, transformational,
and synthetic contexts—since dragging the objects preserves the underlying relationships
among them in well-constructed diagrams. Modeling tools are useful in exploring threedimensional objects. Data analysis applications range from more intuitive tools that are useful in the lower grades to tools that support advanced analyses and are appropriate for high
school students. Many applications support dynamic representations that allow students to
engage in “what if ” explorations.

78 • • •

#"$,

Essential Elements: Tools and Technology

Moreover, having access to a range of software applications may help students explore
particular mathematical situations. For example, a geoboard, whether in the form of a physical manipulative or a virtual tool like that shown in figure 23, might help students explore
properties of triangles, whereas a CAS might facilitate an exploration of the parameters of
functions, as shown in figure 24.

Fig. 23. A virtual model of a geoboard
on a tablet device

Fig. 24. Use of an app to explore the
effects of the parameters
in the sine function

The use of electronic tools often focuses on what Dick and Hollebrands (2011) call “mathematical action technologies,” which produce mathematical responses based on user input,
allowing students to explore mathematical ideas and observe, make, and test conjectures
about mathematical relationships. Note that mathematical action is also embedded in the use
of non-electronic mathematical tools, such as physical manipulatives.
Nonmathematical technologies and tools (e.g., word processing, presentation software, and
communications applications) can also support interactions in the mathematics classroom
(Cohen and Hollebrands 2011). For example, student responses to an interactive poll can be
quickly gathered through the use of either a dedicated clicker system or applications on a
range of mobile device platforms, to provide teachers with formative information that may
help guide instruction. Interactive whiteboards, document cameras, and Web-based presentation applications can help students communicate their thinking to classmates and receive
constructive feedback. Students’ sharing of work can occur beyond the boundaries of the
face-to-face classroom through the use of secure Web-based platforms to post and comment
on student-made podcasts, digital images of student work, and student presentation files. Students might use text messaging, cloud-based shared documents, virtual whiteboards, blogs,
or wikis to collaborate on mathematics problems within a school or with students in other
states or provinces or even countries (Roschelle et al. 2010). By making use of these electronic tools, students have a greater sense of ownership of the mathematics that they are learning,
since the applications promote a sense of shared enterprise in the learning of mathematics.
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Finally, a wide variety of Web-based resources support the teaching and learning of mathematics. Teachers are increasingly using personal and shared pages to organize and categorize
the resources that they find most useful. These lists allow them to quickly locate resources
that they have found useful in the past and share these with others through social media. Their
capacity to do this represents, in a sense, the virtual opening of the classroom door to allow
for collaboration among classrooms and teachers. Furthermore, teachers can organize shared
pages to enhance communication with their students and their students’ parents or caregivers.

Obstacles
Many schools and teachers pride themselves on being up-to-date with the latest technology
and tools. However, the value of the technology depends on whether students actually engage
with specific technologies or tools in ways that promote mathematical reasoning and sense
making. Having students watch a computer presentation or tutorial in which mathematical
facts and examples appear, no matter how visually engaging, is not significantly different
from having students watch a teacher write the same information on an interactive whiteboard or chalkboard, and thus it is no more effective in giving students access to or making sense of mathematical ideas. Having students watch an online lecture does no more to
promote the mathematical practices than watching a live lecture. In the name of “flipping”
a classroom, some teachers require students to view a Web-based lecture in the evening and
then complete worksheets in class, but this arrangement may do no more to engage students
in making sense of mathematics than lecturing in class and having students fill out worksheets for homework. The key issue is whether students in the flipped classroom are engaged
in active learning, solving problems that promote reasoning and build understanding. At the
present time, no consistent scientific research evidence suggests that flipping, in the absence
of an increased focus on conceptual learning and student sense making, is an instructional
practice that improves student learning (Goodwin and Miller 2013). Mathematics teachers
should judiciously adopt technology that supports effective instruction but not simply for the
sake of using more technology in the classroom.
Likewise, teachers may merely teach students procedures for using tools or technology
to solve problems without giving them opportunities to think through the problems or to
connect the procedures with more formal mathematical reasoning. For example, a teacher
may give students steps to use base-ten blocks to solve multi-digit addition problems without
offering them opportunities to use the blocks to explore the mathematical meaning behind
algorithms for multi-digit addition. Further, although applications designed to drill students
on mathematical facts and procedures can develop recall and fluency if students have already
developed understanding of a topic, using such applications will not produce conceptual
understanding (Erlwanger 2004).
Schools, parents, and teachers sometimes limit students’ use of mathematical tools and technology for fear that they will become a crutch. To guard against this result, they allow students
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to use tools and technology only to check answers or as a reward after learning to solve the
problems by using paper and pencil. In the elementary grades, teachers may believe that
use of calculators will prevent students from mastering basic number combinations. In the
upper grades, teachers may think that use of technology will prevent students from developing the level of algebraic skill that they need for further study. In some cases, only gifted or
high-achieving students are given opportunities to use tools to explore advanced topics while
other students are relegated to using technology in ways that focus on lower-level skills. In
such instances, physical or virtual manipulatives may be used in the primary grades only to
provide a “fun activity” or a diversion from the normal routine; in later grades, such tools are
sometimes seen as juvenile and unnecessary. When situations like these occur, opportunities
for maximizing the potential of mathematical tools and technology to support and enhance
mathematical learning are missed.
Furthermore, instruction sometimes incorporates mathematical technology in ways that
do not promote mathematical reasoning, sense making, or communication. Teachers may
incorporate technology merely as a computational aid that students use without regard to its
limitations or thought about the results that it provides. Thus, when students (or teachers)
use calculators or spreadsheets to find answers, they may accept the displayed results as the
correct answers without considering whether these results make sense or how they apply to
the context of the problem. Moreover, students may reflexively apply a favored tool (physical or virtual) without thinking about, or having a teacher challenge them to think about, its
appropriateness or whether another approach might be more fruitful. These unproductive
uses of tools and technology limit students’ opportunities to reason with and about mathematics and demonstrate the importance of the role of teachers who have a deep knowledge of
mathematics and understand how such tools and technology can be used strategically in ways
that support meaningful learning.
A number of obstacles outside the classroom also have an impact on the effective use of tools
and technology. In some schools, particularly schools of poverty, technology and other tools
may not be available as a result of inequitable distribution of resources. Moreover, teachers
may not have access to technology or adequate training in its effective use to promote students’ mathematical learning. In some cases, potentially valuable technology and tools may
sit unused in closets or on shelves, or they may be used in unproductive ways. Some schools
are well equipped with Internet-ready computers but have outdated wireless connections that
provide inconsistent access to Web-based tools. Also, textbooks and curricular materials may
claim to incorporate tools and technology but fail to do so in ways that help teachers promote
reasoning and sense making, thus increasing teachers’ difficulty in finding appropriate activities. In some textbooks, the use of technology is set off in a box or presented as an added-on
feature, as if to suggest that the approach is optional and unnecessary. Finally, state or provincial policies may drastically limit the use of tools and technology in required assessments,
and as a result, teachers may be reluctant to allow students to use technology that will not be
available to them on the assessments.
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The following table compares some unproductive and productive beliefs that influence the
implementation of classroom tools and technology. It is important to note that these beliefs
should not be viewed as good or bad, but rather as productive when they support effective
teaching and learning or unproductive when they limit student access to important mathematics content and practices.

Beliefs about tools and technology in learning mathematics
Unproductive beliefs

Productive beliefs

Calculators and other tools are at best a
frill or distraction and at worst a crutch
that keeps students from learning mathematics. Students should use these tools
only after they have learned how to do
procedures with paper and pencil.

Technology is an inescapable fact of life
in the world in which we live and should
be embraced as a powerful tool for doing
mathematics. Using technology can assist
students in visualizing and understanding
important mathematical concepts and
support students’ mathematical reasoning and problem solving.

School mathematics is static. What students need to know about mathematics
is unchanged (or maybe even threatened)
by the presence of technology.

Technology and other tools not only
change how to teach but also affect what
can be taught. They can assist students
in investigating mathematical ideas and
problems that might otherwise be too
difficult or time-consuming to explore.

Physical and virtual manipulatives should
be used only with very young children
who need visuals and opportunities to
explore by moving objects.

Students at all grade levels can benefit from the use of physical and virtual
manipulative materials to provide visual
models of a range of mathematical ideas.

Technology should be used primarily as
a quick way to get correct answers to
computations.

Finding answers to a mathematical
computation is not sufficient. Students
need to understand whether an answer is
reasonable and how the results apply to a
given context. They also need to be able
to consider the relative usefulness of a
range of tools in particular contexts.

Only select individuals, such as the most
advanced students or students who reside in districts that choose technology as
a budgetary priority, should have access
to technology and tools, since these are
optional supplements to mathematics
learning.

All students should have access to technology and other tools that support the
teaching and learning of mathematics.

Using technology and other tools to teach
is easy. Just launch the app or website, or
hand out the manipulatives, and let the
students work on their own.

Effective use of technology and other
tools requires careful planning. Teachers
need appropriate professional development to learn how to use them effectively.

82 • • •

Essential Elements: Tools and Technology

Beliefs about tools and technology in learning mathematics, continued
Unproductive beliefs
Online instructional videos can replace
classroom instruction.

Productive beliefs
Online instructional videos must be judiciously adopted and used to support, not
replace, effective instruction.

Overcoming the obstacles
Physical and virtual manipulatives, as well as other concrete models, can help students
visualize mathematical relationships (Roschelle et al. 2010). Research suggests that about
two-thirds of high school juniors and seniors are still functioning at a concrete level of thinking (Orlich 2000). Consequently, manipulatives can play an important role for a wide range
of students—from helping younger students visualize multi-digit multiplication by using
base-ten blocks to allowing older students to make sense of completing the square by using
algebra tiles.
Mathematical tools and technology can be useful as students work on solving challenging
mathematical problems and can enhance students’ communication about mathematics to
others.

Use of tools and technology for all students
Technology is an inherent part of students’ lives. Many students use smartphones to interact
constantly with their peers through social media, and they expect to have instant access to
the information that they need. Technology is an integral part of nearly all careers that they
may choose to pursue as adults. Mathematics classrooms must reflect this reality, incorporating technology as an integral part of instruction.
Despite popular belief, use of technology does not inhibit students’ learning of mathematics.
The idea that it does is particularly prevalent regarding the use of calculators. However, after
conducting a comprehensive literature review, Ronau and others (2011, p. 1) concluded the
following:
In general, we found that the body of research consistently shows that the use of calculators
in the teaching and learning of mathematics does not contribute to any negative outcomes
for skill development or procedural proficiency, but instead enhances the understanding of
mathematics concepts and student orientation toward mathematics.

As NCTM (2011) asserts in a position statement, students should have “regular access to
technologies that support and advance mathematical sense making, reasoning, problem
solving, and communication.” However, denying or limiting student access to technology at
particular times to achieve goals related to fluency may be appropriate and even necessary.
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Mathematical action technologies
“Mathematical action technologies” (Dick and Hollebrands 2011) provide opportunities for
students to interact with mathematical ideas. Thus, students may interact with an on-screen
representation of a manipulative to explore mathematical relationships. They may use a
program to create representations of a large data set to explore relationships and draw conclusions. Or they may carry out a set of related computations that would be time-consuming to
do by hand to look for patterns in the results. The ability to shift between different representations of a problem (e.g., visual/graphical, symbolic, numerical) can help students develop a
deeper understanding of mathematical concepts. Further, research suggests that the effect of
working with virtual manipulatives on a computer screen is equivalent to using physical materials (Sarama and Clements 2009). Multi-touch interfaces may also make interactions with
computer representations more natural for younger students and older students alike.
However, teachers need to recognize how taking full advantage of the power of tools and
technology can effectively enhance learning. They need to help students connect their
observations from exploration with understanding of the mathematics behind the situation.
Students and teachers need to understand both the power and limitations of tools and technology, acknowledging the need to ensure that answers are considered both for their reasonableness and for their applicability to the context in which the manipulation or computation
took place. In the end, tools and technology are only a means, not an end; they cannot supplant student understanding and reasonable levels of computational fluency (NCTM 2000).
Teachers need to recognize that mathematical action technology influences not only how they
teach but also what they are able to teach. For example, a graphing application on a mobile
device can be used to explore the graphs of a series of linear functions, such as y = 2x –5,
y = 2x + 1, and y = 2x + 7. Students can be asked to determine what the lines have in common, how they are different, and how changing specific values in the equations affect the
graphs. By using an interactive slider, students can change the coefficients and constants and
immediately see the effects of the changes on the graphs. In doing so, students can reason
that the coefficient of the x-value determines the slope (making the lines parallel when the coefficients are equivalent across the functions), while the constant determines the y-intercept.
The teacher can then build on this conclusion by challenging students to graph a set of linear
functions on paper without the use of a value table. Thus, instead of having students begin
with pencil and paper and leaving work with technology until after the mastery of the skill,
the teacher can use the graphing application to develop the students’ conceptual understanding of the effects of changing parameters of linear functions. Traditional paper-and-pencil
methods of drawing graphs need not precede the use of technology.

Policies and professional development
Without well-designed professional development, teachers may feel uncomfortable about using tools and technology in their classrooms. However, once they understand the role of tools
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and technology as a support for student reasoning and sense making, teachers come to see
that they allow opportunities to pose more challenging questions that focus on exploration
and understanding.
Meaningful professional development that focuses on mathematics-specific uses of tools
and technology is essential to their effective use in the classroom. Providing generic workshops on interactive whiteboards or presentation software may not help teachers make the
necessary connections of tools and technology to the Mathematics Teaching Practices. They
need to develop deep understandings of how technology and tools can be used to investigate
mathematical ideas, generate multiple representations of a mathematical construct, and solve
mathematics problems. They need to reflect on how their students might use these tools and
how the tools might be incorporated into the curriculum in a meaningful way.
Effective professional development should also focus on enhancing teachers’ abilities to use
technology to collaborate with colleagues locally and globally as well as to communicate with
parents and caregivers. Moreover, teachers need to explore innovative ways in which they can
have students use technology to describe their mathematical thinking and collaborate with
classmates. Given the accelerating pace of technological innovation, teachers need to continually seek out ways in which technology can support students’ learning of mathematics.
Policies and practices must support the effective use of mathematical tools and technology
throughout the mathematics program. Appropriate use of such tools should be incorporated into state or provincial and local standards and curricular frameworks, and assessments
should not only allow but also require the use of technology. Selection of textbooks and
instructional materials should include consideration of whether these resources incorporate
mathematical tools and technology in ways that support students’ proficiency in the mathematical practices and teachers’ implementation of the Mathematical Teaching Practices.

Illustration
Figure 25 shows how Ms. Lorenzo, an eighth-grade teacher, engages her students in a realworld context related to baseball while making effective classroom use of a variety of tools
and technology to develop their understanding and skill in writing equations and solving
systems of equations. By using color counters, laptop computers, graphing calculators, electronic tablets, and a document reader to display their strategies, students are able to enter into
the problem in a variety of ways and find the solution by using the tools that make the most
sense to them.
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An eighth-grade teacher, Ms. Lorenzo, has her students work on the concepts of writing equations and finding the solution to a system of equations by exploring a problem
involving baseball, since the Little League World Series is currently on television. The
problem lends itself to exploration with a variety of mathematical tools, both physical and
technological:
At a baseball game in April, a batter came to the plate, and the scoreboard showed that he
had a batting average of .132. After two pitches, he hit a single into center field, and the scoreboard immediately updated his average to .154. Given this information, determine how many
at-bats he has had so far this season, and how many hits he has had.

Seated in groups, students begin exploring the problem. To visualize it, a student in one
group picks up a set of two-color counters from the table and lays down two of them—
one red and one yellow—and says, “Red stands for a hit. If the player bats twice, and one
chip is red, he has a batting average of 1/2 , or 0.5.” He places another red counter on the
table, noting that the batter has now increased his average from 0.5 to 0.667, “since two
out of three counters are now red.” He continues to add red counters, comparing the
resulting numbers of red to the total numbers of counters on the table.
Students throughout the classroom continue to guess-and-check to narrow their choices and arrive at a solution. But one group decides that using a spreadsheet on a laptop
computer might speed things up, letting them keep track of their guesses easily. They
“fill down” their formula, as shown below in (a), looking at differences between rows.
With some guidance from their teacher, they decide that they need a different kind of
electronic spreadsheet table, as shown in (b). This table computes the number of hits
for a given number of at-bats, and then it computes the average for one more hit in one
more at-bat. Noting that their data for 40 at-bats (with 5.28 hits) shows a percentage that
is close to 0.132, they try numbers of at-bats close to 40. A student remarks, “It looks like
38 or 39 is really close, but we’re not sure how to decide which it is.”

(a)

(b)

Fig. 25. An eighth-grade teacher’s use of technology to develop mathematical skill
and understanding

In another group, students who are using a guess-and-check approach notice a repeating
pattern in their calculations: each time, they begin with a number of hits and at-bats, find
the batting average, add 1 to both the hits and at-bats, and then calculate the new average. One of the students suggests trying to use an algebraic approach to the problem.
The group agrees on the following solution, as later explained by one team member to
the class:
If x represents the number of times the player has batted, and y stands for the numy
ber of hits, then
would determine the batting average. So, when the player bats
x
and gets a hit, his new average could be represented as
y +1
.
x +1
That allowed us to write two different equations—one representing the original batting average and the other his average after he gets a hit in his next at-bat:
y
y +1
= 0.132 and
= 0.154
x
x +1
We decided we could find the solution if we used a graphing app on our tablet to
see where the two equations intersect. But first we had to solve them for y to enter
them. Here is the graph we got [see (c)]. We also thought the answer should be
around 38 or 39. When we zoomed in, we decided that 38 is closer.

(c)

Fig. 25. Continued
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Another group took a similar approach but used the table function on a graphing calculator, and a student from this group notes, “We agree that 38 looks like the best answer
for the number of at-bats. But we’re confused because our table doesn’t show the exact
answer—how can you have 5.016 hits?”
Ms. Lorenzo then leads a discussion on rounding and precision and checks to be sure
that the students can interpret the meaning of x , x + 1, y , and y + 1 in the context of the
problem. She also poses a question: “Did anyone do this without using a calculator or
tablet? Take a minute to see how you might approach the problem.”
Most groups agree that substitution would probably be easiest, although some groups
substituted 0.132x for y in the equation
y +1
= 0.154,
x +1
while others simply equated the two expressions that they found when solving for y to
enter them into their calculator or computer.
Finally, one student asks, “Could there be a different answer for this question? Isn’t it
possible that the person was 10 for 76 instead of 5 for 38? Since 10/76 is equivalent to
5/38, we really can’t know how many times he was at bat.” Other students quickly reject
this possibility, since 11/75 is not equal to 0.154. And another student remarks, “In the
graph, we had two lines, and we know that they can intersect at only one point.”

Fig. 25. Continued

Moving to action
The rapid pace at which technology is evolving necessitates ongoing reexamination of the
priorities of effective mathematics programs. Students are growing up with advanced technologies—from mobile devices to Web-based applications—and it is essential that teachers
receive the professional development necessary to keep up with the changes. Teachers should
continually explore mathematical tools and technologies to evaluate their potential to open
students’ mathematical horizons and to look for ways in which technology may change how
students use mathematics in college and careers. Given the accelerating ease with which
technology can be used to carry out nearly any mathematical procedure that students might
be asked to perform, mathematics educators may need to raise questions about the balance of
procedural and conceptual knowledge required for mathematical proficiency. Administrators
and policymakers need to continue to emphasize the importance of developing meaningful learning of mathematics while recognizing that effective mathematics programs reflect
the evolving power of tools and technology to transform how mathematics is used to solve
real-world problems.
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Assessment
An excellent mathematics program ensures that assessment is an integral part of
instruction, provides evidence of proficiency with important mathematics content and
practices, includes a variety of strategies and data sources, and informs feedback to
students, instructional decisions, and program improvement.

When asked for a definition of assessment, many educators think of quizzes and tests, as
well as district, state or provincial, and national measures of student achievement. However, assessment needs to be viewed much more broadly. In Assessment Standards for School
Mathematics (1995), NCTM defined assessment as “the process of gathering evidence about
a student’s knowledge of, ability to use, and disposition toward, mathematics and of making
inferences from that evidence for a variety of purposes” (p. 3). At the same time, NCTM
posited that assessment should serve four distinct functions in school mathematics:

•
•
•

Monitoring students’ progress to promote student learning

•

Evaluating programs to make decisions about instructional programs

Making instructional decisions to modify instruction to facilitate student learning
Evaluating students’ achievement to summarize and report students’ demonstrated
understanding at a particular moment in time

Furthermore, in Principles and Standards for School Mathematics (2000), NCTM asserted
that assessment should “support the learning of important mathematics and furnish useful
information to both teachers and students” (p. 22). According to Wiliam (2011, p. 43), “An
assessment functions formatively to the extent that evidence about student achievement is
elicited, interpreted, and used by teachers, learners, or their peers to make decisions about
the next steps in instruction that are likely to be better than the decisions they would have
made in the absence of that evidence.” Assessment, then, in the context of effective mathematics instruction, is a process whose primary purpose is to gather data that support the
teaching and learning of mathematics.

Obstacles
Although assessment should support student learning, too often it functions in schools as an
obstacle to promoting mathematics success for all students. The reason for this is that assessment traditionally tends to emphasize the evaluation of student achievement (e.g., the assignment of grades), and more recently, the rating of schools and the performance of teachers.
This cultural perception that links assessment to grading and rating has dominated thinking
in North America since the beginning of schooling, but it has become more pronounced in
the last decade as schools and systems have increasingly used high-stakes assessments to
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evaluate the effectiveness of teachers, schools, and administrators. One consequence of the
focus on assessment for accountability has been the unnecessary politicization of assessment.
In the name of accountability, the rich potential for using assessment processes to strengthen
student learning and improve instruction has been diminished.
Assessment is often viewed and practiced as a periodic externally imposed event (e.g., annual state or provincial testing; quarterly district tests) or as an individual teacher-conducted
activity that interrupts instruction—both of which treat assessment as something that is
“done to” students. Externally created summative assessments are frequently little more
than multiple-choice surveys of a broad set of low-level procedural skills that do not assess
students’ mathematical understanding and problem-solving abilities (Herman and Linn
2013). Consequently, the results of external assessment frequently fail to provide teachers
and students with the descriptive, accurate, and timely feedback that teachers need to improve instruction and advance learning (Reeves 2011).
Moreover, important judgments about students, such as placement in courses, and about
teachers, such as future employment or performance-based pay, too often are significantly influenced by the results of a single high-stakes test. This decision making ignores the
variability that may occur as a result of multiple factors affecting student performance on
high-stakes tests. One major factor can be the design of the test itself. A fundamental psychometric principle of test design is discrimination—that is, “good” test items are those that
produce differences in performance (Haladyna and Downing 1989). In the name of discrimination, tests may contain items that underestimate students’ actual knowledge. For example,
consider the item in figure 26.

At the school carnival, Carmen sold 3 times as many hot dogs as Shawn. The two
of them sold 152 hot dogs altogether. How many hot dogs did Carmen sell?
(a) 21

(b) 38

(c) 51

(d) 114

(e) 148

Fig. 26. An algebra standardized test item

The most common answer given by students is (b), which is the intermediate result—the
number of hot dogs that Shawn sold—instead of the correct answer of (d), the number of
hot dogs that Carmen sold. Unfortunately, even though students who answer (b) correctly
perform most of the procedures that the task requires, this understanding is not reflected in
their scores.
Results of standardized and classroom assessments (teacher created or publisher provided) are
not always analyzed appropriately and used to improve instruction. When a school district
simply enters standardized test scores in its database rather than supporting teachers through
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formal structures to discuss the implications of measured strengths and weaknesses of the
mathematics program, a significant learning opportunity is missed.
Alternatively, standardized test results can be overanalyzed and misinterpreted. For example, teachers and administrators often focus on simple increases and decreases in test scores,
ignoring whether such changes are statistically significant. Moreover, educators tend to
make assumptions about students’ knowledge without considering specific test items and
the validity of the information that these items provide about that knowledge. For example,
one such assumption is that students who answered the hot dog item incorrectly lacked any
understanding of the underlying mathematics.
Finally, some teachers view assessment as analogous to grading and may not recognize the
value of collecting data about students’ thinking and understanding—data that may not
translate easily into an elementary report card mark or a secondary course grade. Although
traditional tests and quizzes can shed light on student progress, other rich sources of information—from sample interviews to observations, daily exit slips, and journal writing—can
also inform teachers of students’ understanding and suggest instructional modifications.
Thinking of assessment as limited to “testing” student learning rather than as a process that
can advance it has been an obstacle to the effective use of assessment processes for decades.
The following table compares some unproductive and productive beliefs that influence assessment practices. It is important to note that these beliefs should not be viewed as good or
bad, but rather as productive when they support effective teaching and learning or unproductive when they limit student access to important mathematics content and practices.

Beliefs about mathematics assessment
Unproductive beliefs

Productive beliefs

The primary purpose of assessment is
accountability for students through report
card marks or grades.

The primary purpose of assessment is
to inform and improve the teaching and
learning of mathematics.

Assessment in the classroom is an interruption of the instructional process.

Assessment is an ongoing process that
is embedded in instruction to support
student learning and make adjustments
to instruction.

Only multiple-choice and other
“objective” paper-and-pencil tests can
measure mathematical knowledge
reliably and accurately.

Mathematical understanding and processes can be measured through the use
of a variety of assessment strategies and
tasks.

A single assessment can be used to make
important decisions about students and
teachers.

Multiple data sources are needed to provide an accurate picture of teacher and
student performance.
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Beliefs about mathematics assessment, continued
Unproductive beliefs

Productive beliefs

Assessment is something that is done to
students.

Assessment is a process that should help
students become better judges of their
own work, assist them in recognizing
high-quality work when they produce it,
and support them in using evidence to
advance their own learning.

Stopping teaching to review and take
practice tests improves students’
performance on high-stakes tests.

Ongoing review and distributed practice
within effective instruction are productive
test preparation strategies.

Overcoming the obstacles
Effective assessment supports and enhances the learning of important mathematics by furnishing useful formative and summative information to both teachers and students. Effective
assessment of mathematics learning is a process that is coherently aligned with learning
goals, makes deliberate use of the data gathered as evidence of learning, and provides guidance for next instructional steps and programmatic decision making. In excellent mathematics programs, students learn to assess and recognize high quality in their own work.

Assessing conceptual understanding, reasoning, and procedural fluency
Effective classroom and external assessment provides evidence about all components of
students’ mathematics learning. The evidence obtained depends on the questions and tasks
used. More specifically, obtaining evidence about understanding and reasoning requires
the use of tasks and methods designed for those purposes. For example, to assess students’
understanding of a concept, one might ask students to explain it to someone else, represent
the concept in multiple ways, apply their knowledge of skills to solve simple and complex
problems, reverse givens and unknowns in a problem situation, or compare and contrast a
mathematical concept with other concepts (National Center on Education and the Economy
and the University of Pittsburgh 1997).
Consider the TV Sales task shown in figure 27. Part A provides evidence about students’
ability to make sense of a problem situation and apply procedural skills in working with
percentages to determine a solution. Part B asks students to evaluate whether the reasoning
in two different approaches is equivalent and to explain their thinking.

92 • • •

Essential Elements: Assessment

Grade 7: TV Sales
A store is advertising a sale with 10% off all items in the store. Sales tax is 5%.

Part A
A 32-inch television is regularly priced at $295.00. What is the total price of the television,
including sales tax, if it was purchased on sale? Fill in the blank to complete the sentence.
Round your answer to the nearest cent.
The total cost of the television is $___________.

Part B
Adam and Brandi are customers discussing how the discount and tax will be calculated.

In both equations, T represents the total cost of the television and p represents the
regular price.
Are they both correct? Use the properties of operations to justify your answer.

Fig. 27. TV Sales task. From PARCC (2013).

Short questions or writing prompts such as the following can be used to assess students’
conceptual understanding and reasoning:

•
•

Create a situation that could be modeled with 6 ÷ 3/4.

•

Is 12 ÷ 3 the same as 3 ÷ 12? Explain.

 rite three equations, one with no solution, one with exactly one solution, and one
W
with infinitely many solutions.
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Teachers can assign these writing prompts prior to introducing a new mathematics topic to
determine students’ background knowledge. In turn, the assessment data may influence the
design of the entire sequence of lessons in the unit. A key question for teachers to consider
in creating or selecting assessment tasks and items is, What evidence will this provide about
students’ mathematical knowledge?

Leveraging formative assessment results
Depending on how the results of assessment are used, assessments in mathematics can be
organized into two categories—formative and summative. To achieve the threefold purpose
of motivating, supporting, and improving student learning and instruction, teachers can view
and practice assessment at the classroom level primarily as a formative process—an ongoing
and continual real-time collection of data as students participate in mathematics instruction in the classroom. Teachers continually monitor and respond to their students’ progress
through formal and informal means, including—but not limited to—effective questioning
and classroom discussion, conducting interviews with individual students, having students
respond to prompts in math journals, answering real-time questions through the use of clickers or mobile devices, or responding to a prompt on an exit slip. In this work, teachers elicit
and use evidence of student thinking as the Mathematics Teaching Practices recommend.
The earlier discussion of this practice provides additional guidance on implementing ongoing
formative assessment processes during instruction.
Research indicates that making formative assessment processes an integral component of
instruction is associated with improved student learning (Black and Wiliam 1998b; Hattie,
2009, 2012; Popham 2008). In fact, the research on the effectiveness of formative assessment processes to advance student learning met the National Mathematics Advisory Panel’s
(NMAP 2008) strict definition of “scientifically based research” and resulted in the panel’s
finding that “teachers’ regular use of formative assessment improves their students’ learning” and its recommendation that teachers make “regular use of formative assessment ” to
improve mathematics achievement (p. xxiii).
What ultimately distinguishes assessment processes as summative or formative is how the
results of assessment are used. The defining characteristic of formative assessment “is that
evidence about student learning is used to adjust instruction to better meet student needs”
(Wiliam 2007b, p. 191). Under this definition, even traditional classroom assessments that
are typically used only in summative ways—including publisher- or teacher-created chapter or unit tests, which are used primarily to assign students grades—can be formatively
repurposed to modify and guide instruction to meet students’ learning needs.
When viewed as a process that is indistinguishable from effective instruction, assessment
serves as a means to achieve productive teaching and learning for all, rather than merely
as the final stage in the traditional teach-learn-assess cycle. Moreover, when teachers place
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greater emphasis on formative assessment processes, their use of instructional time may
become more effective (NMAP 2008), and this in turn may lead to a reduction in the time
that they spend preparing their students for state, provincial, or national assessments. Using
effective teaching practices and achieving success on accountability assessments do not have
to be perceived as mutually exclusive (Martin et al. 2011).
In fact, research indicates that standardized test scores are lower in schools where teachers
spend large amounts of time engaged in “test prep” activities—practicing test questions
while putting regular instruction on hold—compared with schools where teachers continue
regular instruction (e.g., Allensworth, Correa, and Ponisciak 2008). Providing students with
periodic opportunities to practice using concepts and skills, along with feedback about their
performance, helps students solidify their knowledge and promotes retention, reflection,
generalization, and transfer of knowledge and skill (Pashler et al. 2007). In short, effective
instruction, including formative assessment, is arguably the most effective test-preparation
strategy.

A focus on students
At the center of the assessment process is the student. An important goal of assessment
should be to make students effective self-assessors, teaching them how to recognize the
strengths and weaknesses of past performance and use them to to improve their future work.
Students should be provided with examples of high-quality work and then be given feedback
that they can act on to advance their own learning and help them attain their goals. Peer
assessments can usefully allow students to compare their work critically with that of classmates. Eventually, students should be able to recognize high-quality work when they produce
it. When students assume assessment responsibilities in these ways, teachers and students
work as partners in the learning process, with teachers and other students giving advice on
how to improve (Stiggins 2007).
This vision of assessment is very different from the traditional image of assessments that are
administered at the end of a unit, primarily to determine grades. Assessment obviously and
appropriately has a role in the assignment of report card marks or course grades. However, an
exclusive emphasis on end-of-unit assessments, shutting out formative assessment processes
and making no use of their power to advance student learning, carries a serious risk. This
narrow use of assessment serves only to sort students and to convince many who earn lower
grades that they cannot do mathematics, thus defeating the overall aim of ensuring mathematical success for all students.

Illustration
Effective formative assessment involves using tasks that elicit evidence of students’ learning,
then using that evidence to inform subsequent instruction. In the illustration that follows, a
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collaborative team of third-grade teachers modified routine end-of-unit assessment items to
provide detailed information about students’ understanding of multi-digit addition and subtraction and then used that information in instructional planning:
Whitney Elementary School has a well-established professional learning community culture. Teachers work in grade-level collaborative teams to create common unit
assessments, analyze students’ performance, and determine instructional implications,
including interventions, which they also plan together.
The three teachers on the third-grade team met to analyze students’ performance on
an end-of-unit assessment on multi-digit computation. The unit supported students
in making progress toward the following CCSSM content standard: “Fluently add
and subtract within 1000 using strategies and algorithms based on place value,
properties of operations, and/or the relationship between addition and subtraction”
(CCSSM 3.NBT.2; NGO Center and CCSSO 2010, p. 24).
This year, the team decided to use an assessment that provided information about students’ strategies and reasoning in solving two subtraction problems, 823 – 365 and
408 – 217. The previous year’s test contained ten addition and ten subtraction problems, and student proficiency was defined as a percentage of correct answers. This
year’s adoption of new standards prompted the teachers to gather evidence of understanding and insight into students’ strategies. Thus, they asked the students to solve
each problem in two different ways, provide a written explanation of their solution
strategies, and use addition to show that their answers were correct. The team included
checking with addition to obtain evidence from students’ work on the two subtraction
problems of their understanding of multi-digit addition as well as multi-digit subtraction. Figure 28 shows a student’s response to one of these problems.
The teachers sorted students’ responses on the basis of the strategies used and understanding demonstrated. Overall, they were pleased with the results, noting that most
students were able to produce at least one reliable and meaningful strategy for both
addition and subtraction. To provide additional support for students who were still
struggling, the teachers assigned these students to one of three intervention groups
according to the level of place-value understanding that they showed in their strategies.
Each teacher would work with one intervention group during the first twenty minutes
of their ninety-minute mathematics block; then the students would return to their regular mathematics class for the day’s lesson. Students not needing intervention had other
assignments for this time.
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Solve 408 – 217 using two different strategies. Provide an explanation of
both of your strategies. Then check your answer using addition.

Strategy 1

Explain your 1st strategy:

Strategy 2

Explain your 2nd strategy:

Check your answer using addition:

Fig. 28. A third-grade student’s work on an end-of-unit assessment item

Principles to Actions

Finally, the teachers noted the high number of students who had made careless errors
on this assessment. Although the teachers pointed these out to students in class and
encouraged them to check their work and correct their mistakes, they were concerned
that students would continue to make such errors on the district’s quarterly benchmark
assessment, resulting in an underestimation of the number of students considered to be
“proficient” in multi-digit addition and subtraction.
After some conversation, the teachers realized that although they had all been saying,
“Check your work,” they had not actually taught their students how to check their
work (e.g., checking to see that the numbers that they used in their computation were
the same as those given in the problem). To address this situation, the teachers jointly
planned a “How to Check Your Work” activity, and they decided that it would incorporate students’ suggestions about how to check work. The outcome would be a “Check
Your Work” routine to help students perform this task regularly.
As the illustration shows, a few well-designed tasks can provide as much or more information about students’ learning as a test with many items. Also, interventions that address students’ needs can be more effective when grade-level or course teachers share responsibility
for interventions of all students. Finally, analysis of assessment results can reveal important
aspects of learning that instruction has not addressed, or even targeted, such as the need to
check one’s work with full understanding of what that process involves.

Moving to action
Shifting the primary focus and function of assessment from accountability to effective
instructional practice is an essential component of ensuring mathematical success for all
students. Classroom teachers and school and district leaders can immediately begin to implement more effective assessment practices to reposition assessment as a formative process.
Policymakers can work to ensure that assessment systems provide evidence about students’
proficiency in the full range of expected mathematics outcomes—mathematical practices and
conceptual understanding, as well as procedural fluency—and consider how to use the results
of student achievement more appropriately. Moreover, leveraging assessment as a strategy
to improve instruction and student learning at the classroom and school level is a highly
cost-effective instructional strategy in comparison with other instructional improvement
efforts.
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Professionalism
In an excellent mathematics program, educators hold themselves and their colleagues
accountable for the mathematical success of every student and for personal and collective professional growth toward effective teaching and learning of mathematics.

A professional does not accept the status quo, even when it is reasonably good, and continually seeks to learn and grow (Collins 2001). A professional upholds standards of the profession, both individually and through peer review; is focused on student learning; knows and
implements the research-informed practices of the field; and uses accumulated insights and
experiences to seek, both individually and collectively, improvements in existing conditions
and outcomes (Wiggins and McTighe 1998).
In education, professionals who are responsible for students’ mathematics learning are never
satisfied with their accomplishments and are always working to increase the impact that they
have on their students’ mathematics learning. They aim for career-long professional growth
for this reason. As professionals, mathematics teachers recognize that their own learning is
never finished and continually seek to improve and enhance their mathematical knowledge
for teaching, their knowledge of mathematical pedagogy, and their knowledge of students as
learners of mathematics.
Mathematics teachers are professionals who do not do this work in isolation. They cultivate and support a culture of professional collaboration and continual improvement, driven
by an abiding sense of interdependence and collective responsibility. Schools that support
success for all students are characterized by a collective sense of responsibility for improvement (Williams 2003) and a sense of collective efficacy—a belief that the instructional staff
has the capacity to implement the actions necessary to make a difference for their students
(Barber and Mourshed 2007; Hoy, Tarter, and Hoy 2006). Mathematics educators must hold
themselves, individually and collectively, accountable for all students’ learning, not just
the learning of their own students. Within a culture of professionalism, educators embrace
the transparency of their work, their accomplishments, and their challenges, and they share
ideas, insights, and practices as they collaborate in ways that build on individual strengths
and overcome individual challenges to ensure mathematical success for all students. Furthermore, this collaboration can be enhanced through the efforts of math coaches or specialists
who serve as mentors to assist and coordinate mathematics teaching in a classroom, school,
or district.
Teachers of mathematics also recognize that they are engaged in a mathematical profession,
and consequently they are lifelong learners and doers of mathematics. The Conference
Board of the Mathematical Sciences (CBMS 2012) has emphasized the importance of teachers of mathematics, at all levels, continuing to deepen their mathematical knowledge for
teaching throughout their careers. These efforts provide teachers with natural opportunities

#"$,

• • • 99

Principles to Actions

to collaborate with mathematicians and mathematics educators (i.e., higher education faculty
charged with the content and pedagogical education of teachers). Mathematics teachers’
continual growth can be enhanced when they interact with mathematicians and mathematics
educators in analyzing instructional and curricular issues (CBMS 2012). The Mathematics and
Science Partnerships established by the National Science Foundation and the U.S. Department
of Education stand as examples of collaborations among teachers, mathematicians, and mathematics educators, illustrating the potential of such collaborations to improve teachers’ practice, their understanding of mathematical knowledge for teaching, and their students’ learning
(Mathematical Sciences Research Institute 2009).

Obstacles
In too many schools, professional isolation severely undermines attempts to increase
collaboration among colleagues, both between teaching peers internally in the school and
among teachers, mathematicians, and mathematics educators externally (Scholastic and the
Bill & Melinda Gates Foundation, 2012). Such isolation stands as an obstacle to ensuring
mathematical success for all students as well as teachers’ continual growth. Unfortunately,
some teachers actually embrace the norms of isolation and autonomy (Hattie 2012). A danger in isolation is that it can lead teachers to develop inconsistencies in their practice that
in turn can create inequities in student learning, contributing to existing learning differentials (Ferrini-Mundy et. al. 1998). By contrast, research indicates not only more growth in
mathematics achievement in students whose teachers regularly collaborate than in students
whose teachers work in isolation, but also a reduction in traditional learning gaps among
disaggregated groups (Moller et al. 2013).
To build a culture of professionalism, and to promote mathematical success for all students,
the norm of teacher isolation must give way to a new professional norm of collaboration. It
must become the norm for teachers to believe that they have a professional responsibility to
collaborate with their colleagues and open their practice to collective observation, study, and
improvement (NCTM 2007). One way to accomplish this vision is through participation in
professional teacher organizations. National, state or provincial, and local professional communities allow for significant networking through attendance at conferences and institutes,
as well as through the publication of journals and books. As Stigler and Hiebert (1999, p. 179)
have suggested,
The star teachers of the twenty-first century will be those who work together to infuse the
best ideas into standard practice. They will be teachers who collaborate to build a system that
has the goal of improving students’ learning in the “average” classroom, who work to gradually improve standard classroom practices.… The star teachers of the twenty-first century
will be teachers who work every day to improve teaching—not only their own but that of the
whole profession.

A lack of time is one of the greatest challenges that teachers and administrators face in
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schools (White 2011), and limited time clearly stands as an obstacle to creating collaborative
structures and reducing teacher isolation. Time during the school day is often inadequate for
collaboration. Far too many teachers are provided with no, or very few and limited, opportunities to collaborate (Scholastic and the Bill & Melinda Gates Foundation 2012). Planning
and problem solving tend to be done individually, and a spirit of professional autonomy often
squelches any acknowledgment of the professional collaboration needed to strengthen professional practice. Daily schedules in most schools do not build in time for teams of grade-level
or subject-based teachers to share, collaborate, or strengthen their mathematical pedagogical
skills or deepen their understanding of mathematics. Even when time is allocated for teachers to collaborate in professional learning communities, the time is often too limited and is
scheduled too irregularly to promote the type of sustained professional development, focused
on mathematics and how to teach it, which is necessary to improve student learning (Blank
and de las Alas 2009). Challenges related to time must be addressed and overcome if mathematics teachers are to ensure mathematical success for all students.
The current structure of professional development often stands as an obstacle to the development of a culture of professionalism. Teachers frequently feel as though professional development is something done to them, instead of something done for them, involving them as
active partners in their own professional growth. Too much of what currently is offered to
teachers as professional development has limited value and makes little impact on their pedagogical knowledge, their practice, or their students’ achievement (Garet et al. 2010). A report
from the Center for American Progress (DeMonte 2013) indicates that this lack of value and
impact may be due to the fact that current professional development is frequently “shortterm, episodic, and disconnected” (p. 1).
Effective professional development programs promote the growth of mathematics teachers in
four major areas (see Doerr, Goldsmith, and Lewis [2010] for additional details):

•
•
•
•

Teachers’ mathematical knowledge and their capacity to use it in practice
Teachers’ capacity to notice, analyze, and respond to students’ thinking
Teachers’ beliefs and dispositions that foster their continued learning
Teachers’ collegial relationships and learning structures that can support and sustain
their learning

Research evidence indicates several features of high-quality professional development programs that support these goals (Blank and de las Alas 2009; Doerr, Goldsmith, and Lewis
2010):

•
•

Substantial time investment over a sustained period (i.e., six months or more)
Systemic support for teachers’ learning (i.e., administrative support and coherence
with other school initiatives)
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•
•

Opportunities for teachers to participate in active learning
Opportunities for teachers to study the mathematics underlying the curriculum that
they teach

The following table compares some unproductive and productive beliefs in the area of professionalism. It is important to note that these beliefs should not be viewed as good or bad, but
rather as productive when they support effective teaching and learning or unproductive when
they limit teachers’ access to knowledge of and support to implement effective teaching
practices.

Beliefs about professionalism in mathematics education
Unproductive beliefs

Productive beliefs

Teachers arrive from teacher preparation
programs prepared to be effective
teachers.

Developing expertise as a mathematics
teacher is a career-long process. The knowledge base of effective mathematics teaching and learning is continually expanding.

A deep understanding of mathematics content is sufficient for effective teaching.

Teachers of mathematics continue to learn
throughout their careers in the areas of
mathematical knowledge for teaching,
mathematical pedagogical knowledge,
and knowledge of students as learners of
mathematics.

Effective teachers can work autonomously
and in isolation. As long as the students in
one’s own classroom are successful, all is
well.

Teachers who collaborate with colleagues
inside and outside their school are more effective. All mathematics teachers are collectively responsible for student learning, the
improvement of the professional knowledge
base, and everyone’s effectiveness.

Instructional coaching is unnecessary and
a luxury in a school’s budget. However,
novice teachers might benefit from some
general coaching support.

All professionals, even experienced teachers, can benefit from content-focused
instructional coaching.

Teachers should be in direct contact with
students for all or almost all of each school
day.

A priority for schools and districts is to
establish regular content-focused collaborative planning time for teachers at the
same grade level or teachers of the same
course and to schedule time periodically for
vertical articulation.
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Beliefs about professionalism in mathematics education, continued
Unproductive beliefs

Productive beliefs

Highly effective teachers have an innate and
natural ability to provide innovative instruction that results in high levels of student
achievement.

Highly effective teachers become master
teachers over time by continually improving their mathematical knowledge for
teaching, mathematical pedagogical skills,
and knowledge of students as learners of
mathematics.

The textbook and digital resources provide
all the necessary lesson plans and activities,
so teachers have no need to engage in
detailed unit and lesson planning.

Effective mathematics teaching results from
purposeful planning. Highly effective teachers collaborate to design detailed mathematics lessons and then reflect on the effectiveness of those plans for student learning,
in a cycle of continuous improvement.

Overcoming the obstacles
Two approaches used by high-performing school systems to support teachers’ continual
growth and ensure mathematical success for all students are to provide time for collaboration
among teachers and to place coaches in schools to support teachers in implementing effective
instructional practices (Barber and Mourshed 2007).

Collaborating on instruction
One structure that is designed to secure collaboration time for teachers is the professional
learning community. Schmoker (2006) noted that “professional learning communities have
emerged as arguably the best, most agreed-upon means by which to continuously improve
instruction and student performance … [T]he concurrence of the research community on this
approach is quite remarkable” (p. 106). Specific approaches and protocols for implementing
professional learning communities exist (Allison et al. 2010; DuFour et al. 2006; Kanold and
Larson 2012; Perry 2011), but the most important consideration is not the specific type or approach taken to collaboration but the manner in which it is implemented. Teachers in effective
professional learning communities—

•

examine and prioritize the mathematics content and mathematical practices that
students are to learn;

•

develop and use common assessments to determine whether students have learned
the agreed-on content and related mathematical practices;
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•
•
•

use data to drive continual reflection and instructional decisions;

•

develop action plans that they can implement when students demonstrate that they
have or have not attained the standards; and

•

have opportunities for continual learning, including mathematical knowledge for
teaching, mathematical pedagogical skill, and knowledge of students as learners of
mathematics.

set both long-term and short-term instructional goals;
discuss, select, and implement common research-informed instructional strategies
and plans;

Teacher collaboration does not automatically lead to professional learning or instructional
improvement. Too often collaboration is characterized by little more than the sharing of materials or the swapping of stories (Stein, Russell, and Smith 2011). The evidence suggests that
teachers may need up to three years to begin to work together effectively and move beyond
mere cooperation to true collaboration (Perry and Lewis 2010). Professional learning communities must focus on issues related to pedagogy and student achievement and explore how
teachers can work together toward common goals.
Effective instruction rests in part on careful instructional planning. Teachers’ co-planning of
lessons provides one of the greatest opportunities for making a positive difference on student
learning (Hattie 2012; Morris, Hiebert, and Spitzer 2009). In some cultures (e.g., East Asian
countries such as Japan) mathematics teachers devote significant time to planning lessons,
and they collaboratively prepare detailed and lengthy lesson plans (Cheng 2011). In the United States, by contrast, it is the typical practice of teachers to spend relatively little time developing mathematics lesson plans (Ding and Carlson 2013). To improve instruction and ensure
the mathematical success of all students, this practice of limited and isolated instructional
planning must be eliminated and replaced with a practice of allocating time for collaborative
planning.
Effective mathematics teachers not only collaborate but also focus their collaborative
efforts on improving instruction and student learning through the co-planning of lessons.
Focusing teachers’ work within professional learning communities on detailed lesson
planning has been demonstrated to be a highly productive strategy to support more indepth interactions within collaborative communities and effect change in teachers’ practice
(Perry and Lewis 2010; Stein, Russell, and Smith 2011). Many teachers express concern that
they do not have the time to devote to detailed lesson planning for every lesson that they
teach. However, the perceived lack of time to devote careful planning to and reflection on all
lessons cannot be used as an excuse never to collaboratively learn, plan, and reflect on the
effectiveness of key lessons (Kanold and Larson 2012).
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Teachers should be continually working with others at the same grade levels or in the same
courses, as well as engaging in ongoing dialogue across grades or courses with those who
teach mathematics to students in grades or courses above and below their own. It is essential that time be set aside to ensure that teachers throughout schools and districts possess a
shared vision of the learning progressions of all students, with respect to both mathematical
content and mathematical practices. In smaller school districts, electronic communications,
including blogs and social media, can be used to connect teachers who might otherwise feel
isolated because of school size or geography.
Teaching is a complex and harried profession, and all too often as a result teachers do not
take the time necessary to engage in structured reflection. Instead, at best, they focus on finding quick fixes to immediate problems without addressing the more important and long-term
learning needs of students (Korthagen and Vasalos 2010). However, reflection is critical, and
NCTM (2007) has argued that the essential factor in the growth and improvement of teaching
is not just lesson preparation, but also the analysis of lesson outcomes during and after each
lesson. The degree to which teachers’ instructional practice improves depends in part on how
well and how frequently they reflect on their instructional practice (Artzt, Armour-Thomas,
and Curcio 2011).
To improve instructional practice, teachers need to devote more time not only to collaborative planning but also to intentional and structured reflection. Lesson study is one
structured method for collaboratively designing and reflecting on lessons (see Fernandez
and Yoshida 2004; Lewis 2002). Another strategy to provide more structured reflection is
the use of video data (Marzano et al. 2012). Many performance assessments for teaching—
used for both initial licensure and mentoring—require digital videotaping and reflecting on
classroom teaching episodes. Although teachers sometimes find the experience of watching
themselves uncomfortable at first, they quickly discover that watching and critiquing instruction with colleagues by using video clips can be one of the most effective ways to promote
reflection, growth, and learning (Artz et al. 2011; Marzano et al. 2012). Furthermore, the use
of video-recorded lessons and reflection breaks down the cultural practice of teaching as an
isolated practice and promotes a sense of collective responsibility for improving professional
practice (Hiebert et al. 2003).

Coaching support
As important as it is that mathematics teachers collaborate to promote instructional improvement and their continual growth as professionals, it is also useful that they seek and draw
support from an instructional coach who serves as a support resource or mentor. A mathematics instructional coach or specialist “is an individual who is well versed in mathematics
content and pedagogy and who works directly with classroom teachers to improve student
learning in mathematics” (Hull, Balka, and Harbin Miles 2009, p. 3).
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Many highly effective professionals in a variety of fields seek coaching support to continually grow and improve (Knight 2007). Although there is a tendency to treat instructional
coaches as a luxury, instructional coaching can be a highly effective strategy to improve
professional performance (Gawande 2011). Teachers who receive coaching are more likely
to implement new teaching strategies (McGatha 2009; Wei et al. 2009; Tschannen-Moran
and McMaster 2009), and effective coaching can have a positive impact on student learning
(Campbell and Malkus 2011).
Coaching is a critical component in supporting the implementation of effective teaching
practices. Providing, supporting, and involving mathematics coaches or specialists are not
luxuries if the goal of the school or district is to ensure mathematical success for all students.
Mathematics teachers must be open to working collaboratively not only with their peers but
also with an instructional mathematics coach or specialist who assists them as they continue to enhance their own knowledge of mathematics content and pedagogy and improve the
achievement of their students.

Illustration
The following example shows the potential of a collaborative teaching team to support
teachers’ continuing professional growth and deepen students’ learning and understanding of
mathematics:
A collaborative learning team of third-grade teachers is meeting during the teachers’
biweekly mathematics planning time after school. Although the team does not have
release time for professional learning community work, the teachers have made a
commitment to meet every other week after school to collaboratively plan mathematics
lessons, reflect on their effectiveness, and work to improve their own understanding of
mathematics and mathematics pedagogy. This is the fifth in a series of meetings that
the team has dedicated to planning lessons on connecting multiplication and division
concepts.
The teachers selected this topic as one of five to make the focus of in-depth planning
this year. They based their selection of connections between multiplication and division concepts on student performance in previous years and the challenges that they
have experienced in teaching this topic in the past. The teachers have hypothesized
that students do not understand the underlying concepts and rely on rote procedures
and that this lack of understanding contributes to their difficulty in relating these concepts. The team has recognized that to deepen their students’ understanding, they too
need to develop a deeper understanding of the concepts.
To deepen their own understanding of the mathematics underlying this topic, the teachers decided at the beginning of the year to read Developing Essential Understanding
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of Multiplication and Division for Teaching Mathematics in Grades 3–5 (Otto et al.
2011). At their second and third meetings, the team members discussed the book,
focusing particularly on the third chapter, which addresses learning and teaching beginning division concepts and the relationship between multiplication and division.
This reading and the resulting discussion deepened the teachers’ understanding of
multiplication and division and sparked a constructive discussion that extended over
the fourth session and now shapes the fifth session, where the teachers are considering
new instructional tasks, representations, and discussion prompts that they can use in
two ways: to engage students in developing an understanding of division from their
understanding of multiplication and to check to be sure that students are developing
this understanding as the lesson unfolds.
By the time the team members finish their fifth meeting on this topic, they have written an in-depth lesson plan (six pages in length) to introduce division as an extension
of multiplication, including tasks and examples, key questions, anticipated student
responses and their own replies, guided practice tasks, summary questions, academic
language required in the lesson, adaptations for English language learners and students
with disabilities, and formative assessment tasks that will help them determine whether students have made progress toward the established mathematics learning goals.
The members of the team commit to using the collaboratively planned lesson with
their students, and they agree to come together to watch a video of one team member
teaching the lesson at their next meeting. The team plans to devote its next meeting
to discussing the effectiveness of the collaboratively designed lesson, which they will
evaluate on the basis of student performance so that they can both plan necessary
responses to student learning and refine the lesson, improving it for future use.

Moving to action
Building a culture of professionalism is challenging but possible. It is important to recognize that teaching is a cultural activity and that cultural activities resist change (Stigler and
Thompson 2009). Building a culture of professional collaboration will therefore take time.
The process of creating a new cultural norm of professional collaboration, openness of
practice, and continual learning and improvement can begin in various ways. Grade-level or
course teams may make a commitment to create common end-of-unit assessments with the
goal of ensuring that all team members have the same expectations for students’ learning in
each unit. Or the growth of a new norm of professional collaboration may begin with a single
team of grade-level or subject-based mathematics teachers making a commitment to work
together on a single lesson plan after school, as the team in the preceding illustration did.
Gradually, as trust builds among team members, the team members can begin to observe one
another and reflect on lessons. Then they can design, plan, and reflect on more lessons, and
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begin to partner with local mathematicians or mathematics educators to deepen their understanding of mathematics and improve their practice.
As mathematics teachers demonstrate the positive impact of such collaboration on student
learning, teachers should arrange to meet with building and district leaders to demonstrate
the benefits of increased collaboration and coaching support. In collaboration, teachers,
administrators, and other district leaders should make the case for more substantial structural
and policy changes to enhance professionalism in their schools.
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ike all written documents, Principles to Actions is merely words. These words will
remain only ideas on paper or screen until they compel us all to action. Beliefs
will remain unproductive and obstacles will continue to thwart progress until we
collectively and collaboratively confront them and take the actions required for
solving and overcoming these challenges.

This concluding section makes the case that all of us who are stakeholders have a role to
play and important actions to take if we are finally to recognize our critical need for a world
where the mathematics education of our students draws from research, is informed by common sense and good judgment, and is driven by a nonnegotiable belief that we must develop
mathematical understanding and self-confidence in all students.
We need to take action to ensure that all students become confident in their ability to learn
and use mathematics. Students must view themselves as capable of using their growing
mathematical understanding to make sense of new problems situated in the world around
them. Such students are aware of the cultural, historical, and scientific evolution of mathematics, and appreciate the role of mathematics in the development of our contemporary
society. They seek relationships among mathematics and the disciplines that use its tools:
the physical and life sciences, the social sciences, and the humanities. Such students believe
that mathematics makes sense, appreciate mathematics as a field of study, and are willing to
consider the possibilities for further studies in mathematics or mathematics-based fields.
We need to take action to create classrooms and learning environments where students are actively engaged with worthwhile tasks that promote mathematical understanding, problem solving, and reasoning. These students are working collaboratively as well as independently, using
a range of concrete, print, and technological resources. They are interacting with one another
and with their teacher, and they are focused on making sense of mathematics, comparing
varied approaches to solving problems, and defending, confirming, verifying, or rejecting
possible solutions. They are learning in classrooms that reflect our technological age, offering
digital tools that allow teachers to take learning much deeper than ever before.
We need to take action to create classrooms where all students become mathematical problem solvers, making sense of problems and discussing their solutions. In such classrooms,
students may work on problems that take hours or even days to solve—mirroring challenging, multifaceted problems in the world for which we are preparing them. They work
cooperatively with their classmates on such realistic and complex problems, using varied
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solution paths and often finding more than one logically justifiable solution. They are comfortable using mathematics, understand the power of mathematical thinking, and can relate
mathematics to meaningful contexts.
What will it take to create such classrooms in every school and district?

Leaders and Policymakers in All Districts
and States or Provinces
Creating effective classrooms and learning environments for all students will take leaders
and policymakers in all districts and states or provinces, including commissioners, superintendents, and other central office administrators, who are dedicated to ensuring that all
teachers have the resources and support that are essential to enacting the Mathematics Teaching Practices for effective teaching and learning. Such leaders and policymakers understand
that their policies, programs, and actions must result in the empowerment of teachers and
principals. They are focused on ensuring that principals have the knowledge and tools to promote and support meaningful mathematics teaching and learning, including the purposeful
use of assessment; that teachers have the knowledge and tools to plan and implement powerful mathematics lessons; and that students have the opportunity to become proficient with
mathematical knowledge and confident in their ability to learn and make sense of mathematics. Such leaders and policymakers ensure that sufficient time is allocated, adequate resources are provided, and productive policies are enacted to ensure that every student has access to
the opportunities and supports that he or she needs to succeed in mathematics. They understand the devastating impact of professional isolation and create collaborative structures to
maximize professional growth, and they support risk taking and encourage new approaches
that advance student learning.
Thus, leaders and policymakers in all districts and states or provinces, including
commissioners, superintendents, and other central office administrators, must take the
following actions:
For the Teaching and Learning Principle:

•

Make ongoing professional development that supports the implementation of the
eight Mathematics Teaching Practices a priority.

•

Communicate the value of the Mathematics Teaching Practices to parents and the
community and all educational stakeholders.

•

Align accountability measures for teachers and principals with the Mathematics
Teaching Practices.
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For the Access and Equity Principle:

•

Allocate resources to ensure that all students are provided with an appropriate
amount of instructional time to maximize their learning potential.

•

Ensure that teachers at all levels are emphasizing the mathematical practices as a key
element of their instruction for all students.

•

Eliminate the tracking of low-achieving students and instead structure interventions
that provide high-quality instruction and other classroom support, such as math
coaches and specialists.

•

Provide support structures, co-curricular activities, and resources to increase the
numbers of students from all racial, ethnic, gender, and socioeconomic groups who
attain the highest levels of mathematics achievement.

For the Curriculum Principle:

•

Ensure that the mathematics curriculum reflects the importance of the mathematical
practices and supports and promotes conceptual understanding, procedural fluency,
and their application to solving real-world problems.

For the Tools and Technology Principle:

•

Incorporate and support the effective use of appropriate tools and technology in
mathematics curriculum standards across all grade levels.

•

Examine what mathematics should be taught, regularly reviewing the relevance
of required topics in light of technology and considering other topics that may be
required.

•

Regularly review the possibilities for using technology to enhance teacher
productivity and student learning.

For the Assessment Principle:

•

Align assessments with the goals of the mathematics program by measuring
students’ conceptual understanding and proficiency in the mathematical practices.

•

Create structures to ensure that the results of all assessments are used to strengthen
teaching, curriculum, and support for students.

For the Professionalism Principle:

•

Allocate resources for the staffing of mathematics instructional coaches or
specialists in schools.

•

Allocate time, support, and resources for consistent opportunities for professional
learning communities and other collaborative structures for teachers of mathematics.
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•

Base decisions about licensing teachers, evaluating teachers, or student course
placement on evidence from multiple measures.

What else will it take to create such classrooms in every school and district?

Principals, Coaches, Specialists,
and Other School Leaders
Creating effective classrooms and learning environments in every school and district will
take principals, coaches, specialists, and other school leaders who are committed to supporting teachers in their efforts to engage students in important mathematics and who fully
understand the eight Mathematics Teaching Practices for effective instruction and assist
teachers in consistently planning and implementing them. Such educators are knowledgeable
about the families and communities from which students come and use this knowledge to
help teachers determine instructional strategies and resources that provide the best support
to help students learn the mathematics in the content expectations and develop proficiency
with the mathematical processes in the practice expectations for each grade or course. These
educators support improvement with multifaceted assessments used to monitor progress
and inform changes to instruction, and they ensure professional interaction among teachers
through a range of collaborative structures that focus on the teaching and learning of mathematics. They make the mathematical success of every student a nonnegotiable priority.
Like their colleagues, these educators are dedicated professionals, possessing the necessary
knowledge and skill to create opportunities that maximize the learning of mathematics. They
support risk taking and encourage new approaches that advance student learning.
Thus, principals, coaches, specialists and other school leaders must take the following
actions:
For the Teaching and Learning Principle:

•

Make the eight Mathematics Teaching Practices a schoolwide focus that is expected
for all teachers to strengthen learning and teaching for all students.

•

Provide professional development and training that makes the implementation of the
Mathematics Teaching Practices a priority.

•

Observe lessons or engage in classroom walkthroughs, using the Mathematics
Teaching Practices as the focus.

For the Access and Equity Principle:

•
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•
•
•

Maintain a schoolwide culture with high expectations and a growth mindset.
Develop and implement high-quality interventions.
Ensure that curricular and extracurricular resources are available to support and
challenge all students.

For the Curriculum Principle:

•

Allocate time for collaborative interactions among mathematics teachers to study the
school’s curriculum—at, above, and below the intended grade level or course.

•

Ensure that curriculum maps and pacing guides are flexible and serve as a resource
for mathematics teachers, providing a general sequence and timeline but allowing
reasonable variation in pacing to meet students’ needs.

•

Ensure that the process of selecting textbooks and other instructional materials is
a collaborative process that includes careful examination of the degree to which
the textbooks not only align with the standards but also develop topics coherently
within and across grades, promote the mathematical practices, and support effective
instruction as characterized by the Mathematics Teaching Practices.

For the Tools and Technology Principle:

•

Ensure that teachers of mathematics receive mathematics-specific professional
development on technology and its connection with curriculum and instruction.

•

Expect and encourage mathematics teachers to actively implement the use of
instructional technology and physical materials and to reflect that expectation in
classroom assessments.

•

Establish criteria for the selection of textbooks and instructional materials that
include regular and effective use of technology.

For the Assessment Principle:

•

Make collaborative design and implementation of common formative assessment
processes a norm, and allocate the necessary time for grade-level or subject-based
teacher teams to complete this work.

•

Provide teachers with the professional development support that they need to
develop their assessment expertise.

•

Ensure that collaborative teams use assessment results appropriately to guide and
modify instructional practices and make program improvements.

For the Professionalism Principle:

•

Provide appropriate and ongoing opportunities for professional growth and
development for teachers, including coaching and collaborative planning
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opportunities that build capacity to implement the Mathematics Teaching Practices.

•
•
•
•

Allocate time for teachers to collaborate in professional learning communities.
Maintain a culture of continual improvement, learning, and collaboration.
Support the staffing of mathematics coaches, specialists, and instructional leaders.
Support sustained professional development that engages teachers in continual
growth of their mathematical knowledge for teaching, pedagogical content
knowledge, and knowledge of students as learners of mathematics.

What else will it take to create such classrooms in every school and district?

Teachers
Most important, creating effective classrooms and learning environments for all students in
every school and district will take teachers who plan and implement effective instruction as
described by the Mathematics Teaching Principles. Such teachers establish clear goals for the
mathematics that their students will learn, and select a progression of coherent activities and
problems that align with those goals. They use questioning effectively to assess and advance
student understanding, provide opportunities for productive struggle, and facilitate discourse
to foster conceptual understanding and procedural fluency. They use mathematical representations to support students’ learning and collect and use evidence of students’ thinking
to modify and improve instruction. They know and use the cultural and linguistic resources
of their students to create learning environments that build on and extend these resources,
ensuring that learning is connected with students’ sense of mathematical identity. They work
collaboratively with colleagues to plan instruction, solve common challenges, and provide
mutual support as they take collective responsibility for student learning.
Thus, teachers of mathematics must take the following actions:
For the Teaching and Learning Principle:

•
•

Consistently implement the eight Mathematics Teaching Practices.

•

Give priority to the mathematical practices, including problem solving, reasoning,
and constructing viable arguments in every aspect of classroom practice—including
teaching, assessment, curriculum decisions, and the use of tools and technology.

•

Plan and implement units and lessons that promote positive dispositions toward
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the study of mathematics, including curiosity, self-confidence, flexibility, and
perseverance.
For the Access and Equity Principle:

•

Develop socially, emotionally, and academically safe environments for mathematics
teaching and learning—environments in which students feel safe to engage with one
another and with teachers.

•

Understand and use the social contexts, cultural backgrounds, and identities of students as resources to foster access, motivate students to learn more mathematics, and
engage student interest.

•

Model high expectations for each student’s success in problem solving, reasoning,
and understanding.

•

Promote the development of a growth mindset among students.

For the Curriculum Principle:

•

Use a variety of high-quality print and online resources to carefully plan units and
lessons based on the Mathematics Teaching Practices.

•

Become familiar with the content standards through reading and reflecting on the
main ideas of the standards and the learning progressions that students follow.

•

Engage in dialogue with colleagues who teach other mathematics courses or grade
levels to understand the intended curriculum from both horizontal and vertical
perspectives.

•

Evaluate curricular materials and resources, including textbooks, collections of activities, and software, to determine the extent to which these materials align with the
standards, ensure coherent development of topics within and across grades, promote
the mathematical practices, and support effective instruction that implements the
Mathematics Teaching Practices.

•

Sequence tasks and activities with long-term goals in mind; when conducting lesson
and unit planning, focus on connections among key mathematical ideas that are
situated in real-world and mathematical contexts.

For the Tools and Technology Principle:

•

Implement lessons that make use of technological investigations that precede or
accompany the development of paper-and-pencil skills.

•

Ensure that students see both the power and limitations of technology, and expect
them to examine answers for reasonableness and applicability to the context and to
choose appropriate tools for the task at hand.
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•

Incorporate mathematical tools and technology as an everyday part of the mathematics classroom, recognizing that students should experience “mathematical action
technologies” and physical or virtual manipulatives to explore important
mathematics.

•

Plan carefully for the use of classroom technology to ensure that it builds student
understanding and reasoning.

For the Assessment Principle:

•

Work in collaborative grade-level or subject-based teams to develop common assessments to be used formatively; commit to their use, and analyze and apply the results
to advance student learning and improve instruction.

•

Evaluate students’ mathematics learning on the basis of multiple measures to make
more reliable and valid judgments about what students know and are able to do.

•

Provide students with descriptive, accurate, and timely feedback on assessments,
including strengths, weaknesses, and next steps for progress toward the learning
targets.

•

Recognize that effective instruction and ongoing review are the best high-stakes
“test prep” strategies.

•

View assessment results as supplying part of the picture of instructional effectiveness
and use them to drive instructional decision making, focus personal professional
growth, and make program improvements.

For the Professionalism Principle:

•

Continually grow in knowledge of mathematics for teaching, mathematical pedagogical knowledge, and knowledge of students as learners of mathematics.

•

Demand opportunities for professional development and collaboration that strengthen mathematics content knowledge and the implementation of the Mathematics
Teaching Practices.

•

Collaborate with colleagues on issues of access and equity, curriculum, instruction,
tools and technology, assessment, and professional growth.

•
•

Assume collective responsibility for the learning of all students in the school.
Join and participate in local, state, or national professional organizations.

Every leader and policymaker, every school and district administrator, and every teacher,
coach, and specialist of mathematics—in conjunction with all other stakeholders, from
parents to community members—must make a commitment to these actions. Only when
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these words become actions and the actions lead to more productive beliefs, new norms
of instructional practice, and the implementation of the essential supporting elements
will we overcome the obstacles that currently prevent school mathematics from ensuring
mathematical success for all students.
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The widespread adoption of college- and career-readiness
standards, including the Common Core State Standards for
Mathematics, presents a historic opportunity to improve
mathematics education. What will it take to turn this
opportunity into reality in every classroom, school, and district?

NCTM continues its tradition of mathematics education leadership by
defining and describing the principles and actions that are essential to
strengthen mathematics learning and teaching for all students.
Principles to Actions: Ensuring Mathematical Success for All offers
guidance to teachers, specialists, coaches, administrators, policymakers,
and parents:

•

Builds on the Principles articulated in Principles and Standards for
School Mathematics to present six updated Guiding Principles for
School Mathematics

•

Supports the first Guiding Principle, Teaching and Learning, with
eight essential, research-based Mathematics Teaching Practices

•

Details the five remaining Principles—the Essential Elements that
support Teaching and Learning as embodied in the Mathematics
Teaching Practices

•

Identifies obstacles and unproductive and productive beliefs that
all stakeholders must recognize, as well as the teacher and student
actions that characterize effective teaching and learning aligned
with the Mathematics Teaching Practices

With Principles to Actions, NCTM takes the next step in shaping the
development of high-quality standards throughout the United States,
Canada, and worldwide.

